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LONG CYCLES IN RESIDENTIAL BUILDING: 
AN EXPLANATION! 


By J. B. D. DeRKsEN 


INTRODUCTION 


THIS PAPER IS DEVOTED TO an investigation of the long cycles in resi- 
dential building. It is now generally known from the statistical data 
that gradually became available, that residential building in the 
United States for more than a hundred years has shown cyclical fluctu- 
ations of a duration varying from 15 to 22 years.” This “building cycle” 
is an example of a cycle independent of the variations in general busi- 
ness activity. Such cycles have been observed for a number of com- 
modities, Hanau’s famous pig cycle being one of the first cases to have 
drawn the attention of economists. These cycles are of primary impor- 
tance for the study of the business cycle because they represent the 
simplest cases of endogenous cycles. The research into these cycles has 
without doubt greatly stimulated attempts to find an endogenous ex- 
planation of the business cycle through the creation of “models,” one 
of the latest contributions in this field being Tinbergen’s “‘closed sys- 
tem of equations” as developed in his second League of Nations 
publication.® 

The explanation of the cycles as observed for hogs, potatoes, beef 
cattle, and shipbuilding is not the same in all cases. The common 
characteristic is that the cyclical fluctuations are governed by internal 
causes. Exogenous influences may initiate the fluctuations. The length 
of the waves, however, and their damping or antidamping, are due not 
to external causes but to the endogenous mechanism of quantities and 
prices. For the purposes of this article it is sufficient to distinguish 
roughly between two groups of commodities: (1) perishable consump- 
tion goods, and (2) durable consumption goods and capital goods. In 


1 Read before the Econometric Society at Philadelphia, Pennsylvania, Decem- 
ber, 28, 1939. The paper was prepared during a stay at the National Bureau of 
Economic Research, under a Rockefeller Fellowship. The author feels indebted 
to the National Bureau for facilities for work and towards the members of its 
staff for valuable comments. 

2 Cf. Warren and Pearson, World Prices and the Building Indusiry, New York, 
1937, p. 109. 


3 J. Tinbergen, Business Cycles in the United Staies, 1919-1932, Geneva, 1939. 
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the first case the explanation of the cycle is given by the so-called cob- 
web theorem. According to this theory the cyclical fluctuations ob- 
served for a number of these commodities are explained by the lag by 
which production follows fluctuations in price. It can easily be shown 
that the period of the cycles is equal to twice that lag and is not af- 
fected by the elasticities of demand and supply. For a discussion of the 
various cases which may arise and the conditions that have to be ful- 
filled in order that the cobweb theorem may be applicable, we may 
refer to the literature on this subject.* 

In the case of durable consumption goods or of capital goods the 
explanation has to be different. Here it is not production in a certain 
time unit, but the total available supply, which affects the price of the 
services rendered by these goods. In turn production follows the fluc- 
tuations of price with a certain time lag which represents the time 
required for the entrepreneurs to make their decisions plus the period 
necessary for production. The mechanism may be described by the 
following equation: 


(1) f'® = — aft — 4), 


in which f(¢) represents the total available supply at the time ¢ and the 
derivative f’(t) represents its net increase. f(t) is seen as a deviation 
from a “normal level.’ It is assumed that aand @are constant for the 
period considered. The lag @ equals the sum of the lags involved, that is, 
it is equal to the lag between the fluctuations of f(t) and the price level 
plus the lag by which the price precedes the production f’(¢). A nega- 
tive value of f(£) will be followed, after a period 6, by a positive value of 
« f’(t). A positive value of f(t), after a time period @, will be followed by a 
negative value of f’(t). 

The purpose of this study is to investigate whether equation (1), 
used for the first time by Tinbergen in his analysis of the shipbuilding 
cycle,’ can also be used to explain the cycles in residential building. 

The solutions of (1) can easily be given and the conditions developed 
under which they will be periodic functions. The character of the solu- 
tion will depend on the product of a and @. Quoting from Tinbergen, 
who also gives the mathematical derivations, the following cases may 
be distinguished. Putting a@=B, the solutions will be: 


B < —---, nonperiodic (exponential function), 
e 


4 E.g., M. Ezekiel, “The Cobweb Theorem,” Quarterly Journal of Economics, 
February, 1938, pp. 255-80. 

5 J. Tinbergen, ‘Ein Schiffbauzyklus?”’ Weltwirtschaftliches Archiv, July, 
1931, p. 152. 
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Tv 
—<B< =? damped oscillations, period > 48, 
e 
Tv . . . 
B= = - ++, pure sine function, period = 48, 
T . . . . 
E> ca explosive oscillations, period < 490. 


If the initial values over the first time interval also are given, the 
solution is completely determined. These initial values will mainly 
determine the amplitude of the solutions, whereas the wave length and 
the damping degree depend on a and @. We occasionally expect fluctua- 
tions of a very large amplitude, e.g., after a war, when a large destruc- 
tion of capital goods has taken place, as occurred in the case of ship- 
building during the last war, or when the building of new units has been 
badly impaired through lack of raw materials or government interfer- 
ence, as has been the case in the building industry in the United States 
in 1917-1918.° 

SCOPE OF THE ANALYSIS 


So far only general principles have been discussed. Several questions 
arise when the previous scheme is applied to a special case, e.g., to the 
long cycles in residential building. It goes without saying that certain 
general conditions must be fulfilled, e.g., that pure competition shall 
prevail. Among the problems which require careful consideration are 
the following: In equation (1) the function f(¢), as mentioned before, 
indicates deviations from a certain normal level. What then must be 
understood by a ‘“‘normal level” and how can it be determined statisti- 
cally? 

In the analysis of the shipbuilding cycle Tinbergen assumed that the 
total tonnage which can be considered “normal”’ is given by a trend for 
which a second-degree parabola was chosen. In the case of residential 
building, however, this procedure would be too inexact as the average 
duration of the cycle is here much longer and the available statistical 
material covers a much shorter period. It will, therefore, be assumed that 
for each year the normal need for shelter is given by the total number 
of nonfarm families plus a constant ‘normal’ vacancy percentage. 

It is advisable not to limit ourselves to equation (1) but to consider 
each of the steps leading to that equation. This may show more 


6 Schumpeter’s remark (Business Cycles, Vol. II, p. 534), that these cycles can- 
not be called endogenous as they depend on some disturbance that starts them, 
implies a notion of ‘“‘endogenous”’ cycles that is certainly too limited to be of 
much use in business-cycle research. 
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clearly the causal relationships involved and may help in detecting 
other variables in the mechanism. Besides it would be incorrect to try 
to estimate the constants a and @ by computing a simple regression 
equation involving the variables f’(t) and f(t) only, because a correla- 
tion analysis is not valid if one does not take into account all the vari- 
ables which determine the phenomenon to be explained. 

It is implied above that a total available supply below normal would 
lead to a rise in the level of rents; this higher level of rents would in 
turn result in an increase in new building. Now it may be remarked 
that the prospective builder will take into account not only the rent 
level but also elements of costs: building costs, interest rates, taxes, 
etc. Moreover new building may be influenced by such factors as are 
summarized in the so-called acceleration principle. It is furthermore 
reasonable to expect that rents themselves will be determined not only 
by the total available supply of houses in relation to the number of 
families, but also by such factors as average family income and the re- 
maining items in the cost of living. Only rents, and perhaps also the 
foreclosure rate which will be examined later, represent endogenous 
variables. All other variables introduced must be considered as exoge- 
nous because they are mainly influenced by factors outside the building 
industry and the housing market. 

The present study is limited to residential building. Commercial 
building does not show a pronounced endogenous cycle and seems to be 
determined to a large extent by the general business situation. In the 
same way construction of farms will depend mainly upon the situation 
in agriculture. Public construction‘is determined by the government, 
whose decisions may depend on the budget situation or in times of 
depression on its attitude towards a policy of public works. 

There are reasons to believe that it may be incorrect to consider 
total nonfarm residential construction as a homogeneous economic 
variable. The housing market shows important imperfections. It is 
necessarily limited.geographically and indeed should be considered as 
composed of a large number of markets with very restricted boundaries. 
In each of these markets factors may prevail which do not occur in 
others. We need not be surprised, therefore, to find that the fluctuations 
in residential constructicn show considerable regional differences. 
Whereas for the country as a whole residential building reached its 
peak in 1925, construction was at its height in the Pacific region in 
1923 and in the Middle Atlantic states not until 1927.7 

Another point that may deserve attention is the fact that for the 
country as a whole the various types of dwellings do not show similar 


\ 
7 Cf. D. L. Wickens and R. R. Foster, “‘Nonfarm Residential Construction, 
1920-1936,”’ National Bureau of Economic Research, Bulletin 63, p. 6-9. 
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fluctuations. The one- and two-family dwellings show a closely similar 
movement, whereas the construction of apartments shows a dis- 
tinctly different development, its peak not being reached before 1928. 
The factors which govern the construction of apartments must, there- 
fore, differ from the factors by which building of one- and two-family 
dwellings is influenced. 

Despite these variations the present analysis will attempt to deal 
with residential building as a whole. As we shall assume that the equa- 
tions involved are linear, we may consider our final results as the 
arithmetic sum of a number of equations for all geographic units. If 
we may assume that in all parts of the country the elasticities with 
respect to the variables determining residential construction are 
equal, the sum total of the regional equations will be identically the 
same as the equation found for the country as a whole, because all 
equations will have their due weights. This hypothesis implies that the 
regional differences in residential building are conceived of as caused 
only by differences between the exogenous factors: differences in the 
fluctuations of average income, of building costs, of population growth, 
etc. The justification of the grouping together of the one- and two- 
family dwellings and the apartments is based on the assumption that 
the relationships are materially the same, but differ with respect to the 
intensities of the reactions and with respect to the time lags. Our final 
results, therefore, will represent average elasticities and average time 
lags. At the end of our analysis we shall have to reconsider these 
assumptions. 


LITERATURE 


In recent years a number of interesting studies have been published 
on the building industry, among which some are limited to residential 
construction. So far, however, relatively little work has been done on 
the explanation of the long cycles. The available studies may roughly 
be classified into three groups. 

1. Studies containing results of statistical research, such as those of 
Riggleman,? Warren and Pearson,®? Wickens and Foster,!® and the 
Department of Commerce." Professional work in this field should also 
be included, e.g., the figures published by the F. W. Dodge Corporation 
and by the Real Estate Analysts, Inc. 

2. Studies of a mainly descriptive character, such as those of New- 


8 J, R. Riggleman, “Building Cycles in the United States,” Journal of the 
American Statistical Association, Vol. 28, 1933, p. 174. 

® Cf. note 2. 

10 Cf. note 7. . 

1 Construction Activity in the United States, 1915-1937, U.S." Department of 
Commerce, Bureau of Foreign and Domestic Commerce, Washington, 1938. 
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man” and Long." These studies are especially useful as they provide 
the necessary facts and contain suggestions for an econometric ap- 
proach to the problem. 

3. Studies in which attempts are made to explain the fluctuations 
in residential building using multiple-correlation analysis, i.e., those 
of Roos, Chawner,” and Tinbergen.’® Of these studies only Tin- 
bergen’s second League of Nations volume has a paragraph on the long 
cycles, the explanation being confined, however, to an application of 
equation (1) without going into details. 


REMARKS ON THE METHOD OF MULTIPLE CORRELATION 


The present study, like the studies mentioned under group 3, makes 
use of the method of multiple correlation. In the writer’s opinion this is 
the only way to break up the fluctuations in variables which are af- 
fected by a number of factors, acting simultaneously. It can be seen 
from computations quoted in the Real Estate Analyst, November, 
1939, that there is a low correlation between residential building and 
the index of rents. Such results are meaningless, however, because they 
do not take into account that building activity is influenced by a num - 
ber of factors, which for some time may act together and in other 
periods counteract each other. The same objection can be raised 
against conclusions drawn from a comparison of graphs on residential 
construction, interest rates, population growth, etc. (Newman). 
Though multiple-correlation analysis may occasionally give rise to 
serious difficulties, it is probably the only logical way of analyzing 
economic time series, the fluctuations of which have been influenced by 
several factors simultaneously. 

Two main ideas underlie the method of multiple correlation. In the 
first place it offers a way of testing statistically hypotheses concerning 
the causation of the fluctuations in the economic variables studied. In 
the second place it makes possible the determination of quantitative 
relationships, whereas deductive reasoning can in most cases give us 


122, W.H. Newman, ‘‘The Building Industry and Business Cycles,” The Journal 
of Business of the University of Chicago, July, 1935. 

13 C, D. Long, Jr., ‘Seventy Years of Building Cycles in Manhattan,” Review 
of Economic Statistics, Vol. 18, 1936, p. 183; ‘‘Long Cycles in the Building In- 
dustry,” Quarterly Journal of Economics, Vol. 538, May, 1939, p. 371. 

4 C. F. Roos, “Factors Influencing Residential Building,’ Chapter VI in 
Dynamic Economics, Bloomington, Indiana, 1934, p. 69. 

1 LT. J. Chawner, The Residential Building Process; An Analysis in Terms of 
Economic and Other Social Influences, Industrial Committee of the National 
Resources Committee, Housing Monograph Series No. 1, Washington, 1939. 

16 J, Tinbergen, Statistical Testing of Business-Cycle Theories, Vol. I, Geneva, 
1939, p. 90; Vol. IT, p. 48, p. 56, p. 162. 
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only qualitative information. One of the minor objections raised 
against the method is the contention that it does not take into ac- 
count changes in the structure of the economy: institutional and 
technological changes, changes in the consumption habits, etc. This 
objection, however, is certainly invalid, for gradual changes can in 
most cases be accounted for by the introduction of a trend factor and 
there exist also devices adequate for dealing with cases of abrupt 
changes. Another criticism is to the effect that, because of the close 
parallelism in many economic time series, the method is not unambig- 
uous and consequently a high correlation would not prove very much 
but merely be a restatement of a hypothesis in terms of regression 
coefficients. Experience shows, however, that in most cases it is ex- 
tremely difficult to reach very satisfactory correlations, especially if 
the analysis is carried out with the great care that is a requirement of 
the method. In many cases moreover there exist possibilities of check- 
ing the results, e.g., by comparing results for different geographical 
regions. Sometimes conclusions that may be drawn from the results are 
subject to further statistical or theoretical verification. One of the 
most convincing tests exists indubitably in extrapolating the relations 
found and comparing them with the observed values. 


STATISTICAL DATA USED IN THE INVESTIGATION 


The necessary statistics have been taken from published material. 
Though for a more detailed analysis more statistical information would 
be required, it is hardly possible for a private investigator to charge 
himself with the task of carrying out statistical inquiries. The principal 
statistical series used are the following: 

1. Nonfarm residential building. Number of family dwelling units 
upon which construction was started annually, as estimated by the 
Department of Commerce. For years previous to 1915, see Chawner, 
p. 13. The weaknesses of this index are discussed by Newman, p. 7. 

2. Index of rents, compiled by the National Industrial Conference 
Board. It is a very sensitive index, especially, it seems, for the years 
since 1933. No use has been made of the index of the Bureau of Labor 
Statistics which covers only the wage earners and lower salaried groups. 

3. Index of building costs, Engineering News Record. The index 
dates back to 1903. For comments on this index, see Newman, p. 17. 
Its main drawback is that it does not include land cost and miscella- 
neous items (management, architects’ fees, selling expenses, depreciation 
of equipment). 

4. Residential vacancies in nonfarm areas, 1930-1937, Department 
of Commerce, Chawner, p. 16. 

5. Foreclosures per 100,000 families, percentages above or below 
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normal, the Real Estate Analyst, Nov. 24, 1939. Published only in 
graphical form. 

6. Interest rate on mortgages. A satisfactory index is not available. 
Some investigators use the index of long-term interest rates, based on 
the yields of 60 high-grade bonds, as reported by Standard Statistics 
Co. No information is available as to how far this index may be con- 
sidered representative. Roy Wenzlick published an average rate of 
interest earned on the mortgages owned by the 110 largest life insur- 
ance companies. There is no close relationship between the fluctuations 
in this index and the index of Standard Statistics Co. 

7. Ratio of the total number of nonfarm families to the total number 
of available housing units in nonfarm areas, 1900-1938, annual figures, 
January 1, Chawner, p. 16. The method of estimation is explained on 
page 2 of Chawner’s monograph, where figures on the annual net in- 
crease in number of nonfarm families are given also. 

8. Average income per nonfarm family, computed by the writer 
from the estimates on national income of the National Bureau of 
Economic Research and the National Industrial Conference Board 
and Chawner’s figures on total number of nonfarm families. 


FACTORS GOVERNING RESIDENTIAL CONSTRUCTION 


The analysis consists of two parts. In the first place we shall investi- 
gate residential building and try to explain its fluctuations. As has been 
suggested before, we may expect that one or more of the explanatory 
factors introduced will have an endogenous character, which means 
that their fluctuations are, at least partly, determined by conditions in 
the housing market. An analysis of these relationships will complete our 
picture of the endogenous mechanism which governs the long cycles in 
residential construction. 

Among the factors which determine residential building we may dis- 
tinguish first a group of factors which represent the profitability of 
owning houses. This ‘incentive to build” depends on rental income af- 
ter due allowance has been made for the occupancy ratio and for the 
costs of ownership. The costs of ownership include taxes, amortization, 
maintenance, and interest payments on mortgages. The last three 
items depend on building costs, the interest payments on mortgages 
and also on the interest rate. 

In principle two ways are open to introduce this “incentive to 
build” into the correlation analysis. Following Tinbergen (Vol. I, p. 91) 
one may either combine rent, building costs, and interest payments on 
@ priori considerations, or one may carry out a “free” calculation, that 
is, introduce each of the variables mentioned separately into the cor- 
relation analysis. The first method has the advantage that it limits the 
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number of independent variables in the correlation analysis; the second 
method is in so far superior as it allows the introduction of lags. More- 
over, it may happen that the indices used are incomparable, e.g., as 
regards their degree of sensitiveness. This would not impair the “free” 
calculation if we may assume that the lack of comparability is re- 
stricted to the amplitudes of the indices studied. 

Of course, the decisions of the prospective builders are based on cer- 
tain expectations regarding the future. These expectations, however, 
and this is one of the characteristics of our method, will depend 
chiefly on what has happened in the present or in the recent past. With- 
out this assumption it would not be possible to explain the fluctuations 
in a time series by the fluctuations in other time series. 

The influence of the occupancy ratio may be twofold. First vacancies 
reduce gross rental income. This explains why some investigators 
habitually multiply the index of rents by the occupancy ratio before 
deducting the costs of ownership (cf., e.g., Roos). The correctness of 
this procedure may be doubted, as it is well known that new houses, 
which offer the latest comforts and technical conveniences, show a 
smaller vacancy percentage than houses of an older type. It has often 
been argued that the building industry (or the people who buy houses 
from builders) pays attention only to the vacancy percentage of new 
houses. This may constitute one of the reasons why residential con- 
struction may remain at a relatively high level for some time after the 
housing market begins to show signs of an approaching depression. In 
any case, this aspect of the influence of the occupancy ratio cannot be 
large, as in 1932 residential vacancies amounted to 8 per cent, whereas 
in the same year rents had fallen to about 60 per cent of their peak in 
1924. A merely technical difficulty results from the circumstance that 
data on vacancies are not available for years previous to 1930. We 
may, however, assume that the vacancy percentage can be approxi- 
mated rather closely by a linear combination of average nonfarm fam- 
ily income and the ratio of total number of nonfarm families to the total 
number of available dwelling units. Such a correlation has been estab- 
lished for the years 1930-1937 and the regression equation found extra- 
polated for previous years. 

More important probably is another aspect of vacancies. A continu- 
ous increase in the number of unoccupied houses will without doubt 
affect the financial situation in real estate and, therefore, will affect the 
ease with which credits may be obtained for new building. Of course, 
the willingness of banks to grant credits will depend on the foreclosure 
rate, which, therefore, has always been regarded as an important indi- 
cator in forecasting building activity. The foreclosure rate plays a 
prominent role in Roos’s analysis of residential building in Saint Louis. 
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It has been argued, however, that the foreclosure rate is a derived fac- 
tor, in so far as it seems to be closely related to other variables govern- 
ing the situation in the housing market. Tinbergen, e.g., has em- 
phasized that the foreclosure rate in Saint Louis is correlated with the 
number of unoccupied houses some time before. A similar relationship 
holds probably also for the country as a whole, provided we take into 
account that nowadays a much higher foreclosure rate is considered as 
“normal” than in the years immediately after the war. This may be 
ascribed probably to the circumstance that the credit givers are at the 
present time prepared to take greater risks because of the abundance 
on the capital market. ‘The figures on the foreclosure rate, which have 
been published by Roy Wenzlick in graphical form only, do not war- 
rant very accurate conclusions. It seems probable that the foreclosure 
rate should, at least partly, be seen as the result of a cumulative effect, 
inasmuch as it depends not only on the number of vacancies some time 
before, but also on the number of years during which a depressed situa- 
tion has been in existence. For these reasons the foreclosure rate was 
introduced as an independent variable besides the variables mentioned 
above and others that will be indicated below. 

The result happened to be unsatisfactory, as the regression coefficient 
attached to the foreclosure rate appeared to be very low, the increase in 
the coefficient of multiple correlation was negligible, and the pattern 
of the residuals remained practically unaltered. Analogous results were 
experienced when the occupancy ratio, estimated by the method in- 
dicated above, was introduced into the correlation analysis. 

The interest rate, as measured by the yield on bonds, or by Roy 
Wenzlick’s figures on the average interest rate earned by 110 life insur- 
ance companies, showed very little influence, if any at all. Moreover, 
its inclusion did not modify the pattern of the residuals. The result is 
in accordance with a view held by a number of authors, who believe 
that the interest rate does not influence residential building materially, 
probably because its influence works in two directions, 

A second group of factors may be indicated as the influence of the 
“acceleration principle,” though this is often mentioned in connection 
only with the production of capital goods. Newman (p. 55), in particu- 
lar, emphasizes the importance of this principle. He quotes J. M. 
Clark’s statement that the essential characteristic for the application 
of the ‘principle’ is the durability of the goods studied, whether pro- 
ducers’ or consumers’ goods. According to the “acceleration principle” 
variations in the rate of change of the demand for shelter will result 
in variations in residential building. If we may assume that at each 
level of national income there exists a definite need for shelter, resi- 
dential building will be proportional to changes in national income, 
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other factors being held constant. It is probably more accurate to con- 
sider separately fluctuations of the number of families and fluctuations 
of the average family income, as it seems reasonable to expect that 
these two factors are different with respect to the intensity by which 
they affect residential building, whereas there may be also a difference 
in the lags involved. The influence of an increase in the number of 
families will not need much comment. Changes in the average family 
income will largely affect the extent to which “doubling up”’ of families 
takes place. Moreover, this factor will represent the demand of people 
who want to live in houses built according to their own design. 

Some authors have emphasized the importance of a speculative fac- 
tor. This factor would constitute an added stimulus to residential con- 
struction during booms and discourage it in times of depression. It is 
very possible that the rate of change in average family income which 
is, of course, closely related to the rate of change in general business 
activity, not only represents the influence of the acceleration principle, 
but also accounts, to some extent, for a speculative factor. With re- 
spect to the demand for replacement we make the assumption that it 
does not show marked fluctuations. It might be, of course, that in times 
of prosperity the rate of replacement is somewhat above the normal 
level and during depressions somewhat below. This influence could be 
measured by introducing the average family income into the correla- 
tion analysis. The result was, however, negative. The regression coeffi- 


cient found was unacceptable, as it was very small and negative. 


The results of this part of our analysis may be represented by the 
following regression equation: 


(2) b* = 16.3r — 8.56c_4 + 5.80(i41 — 7) + 0.44p_-2 — 545. 


The meaning of the symbols is as follows: 
*—number of dwelling units, in thousands, upon which construc- 
tion was started annually, as given by the above formula, 
r=index of rents, 1914-1938 = 100, 
c_1=index of building costs, 1914-1938 = 100, 
7=average nonfarm family income, 1914-1938 = 100, 
p-2=annual increase in number of families, nonfarm, in thousands. 
Lags or leads have been indicated by subscripts. The time unit 
chosen is a year. The regression analysis covered the period 1914-1938. 
A graphical representation is given in Figure 1, where the dotted line b 
indicates actual residential construction and the solid line b* residential 
construction according to the above formula. The explanatory factors 
have been represented separately. 
We shall now give a more detailed discussion of the results. The 
explanatory factors may be taken together into two groups. The first 





108 J. B. D. DERKSEN 


group, representing the influence of the “incentive to build,’ includes 
the factors determining the profitability of owning houses. Among 
these rents and building costs are the most prominent. As we have 


1915 1920 1925 ~ 1930 1935 1940 


Fieurs 1.—Explanation of fluctuations in residential building, 1914-1938. 

b, residential building, in thousands of dwelling units, estimates by Depart- 
ment of Commerce. 

b*, residential building, as computed from equation (2). 

16.3r —8.56c_1, influence of ‘‘incentive to build.” 

r, index of rents, National Industrial Conference Board; 1914-1938 = 100. 

c_1, index of building costs, Engineering News Record; 1914-1938 =100; lagged 
one year. 

5.80(i41 —z), influence of changes in average nonfarm family income, 7; index, 
1914-1918 = 100. 

0.44p_2, influence of increase in number of nonfarm families, in thousands; 
lagged two years. 

All variables are represented as deviations from their averages over 1914-1938, 


seen before, the influence of the occupancy ratio and of the interest 
rate were negligible. Taxes have not been investigated separately. This 
factor may, probably with sufficient accuracy, be represented by a 
trend. An increasing trend in taxes would have to result in a declining 
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trend in residential building. No evidence has been found for the exist- 
ence of this trend. Probably it is counterbalanced by some other trend, 
e.g., the influence of the continuous expansion of the metropolitan 
areas. The circumstance that nowadays mortgages cover a larger per- 
centage of building costs may also have exerted some influence. 

As both r and c have been represented as index numbers, averaging 
100 over 1914-1938, it follows from the regression coefficients found 
that the influence of rents is about twice as large as that of building 
costs. As a matter of fact, the ratio is somewhat less than 2 as the 
building costs index does not cover certain items which, as was indi- 
cated before, account for about 20 per cent of total building costs. The 
result does not seem unreasonable if compared with a priori considera- 
tions (cf. e.g., Tinbergen’s figures, Vol. I, p. 91). 

Attempts have been made to establish the lags involved as accurately 
as possible. By using the method of distributed lags it was found that 
the lag which has to be attributed to the index of rents amounts to 
less than a month. As no great accuracy can be attached to this result, 
the lag has been put equal to zero in the above equation. Yet there is 
a small lag, as b refers to the number of dwelling units upon which 
construction was started. As the period of construction is rather short 
in the United States (four months according to Newman, p. 7), the 
lag between rents and building actually amounts to a few months. 

The lag attached to the index of building costs deserves special at- 
tention. Here again use was made of the method of distributed lags. 
It was found that the “optimum” lag was between 11 months and a 
year, therefore a lag of a year was adopted. This result is not neces- 
sarily contradictory to current reports on the building industry, in 
which as a rule much attention is paid to the latest developments in 
building costs. It might quite well be that the more important decisions 
in the building industry are not so much based on the current fluctua- 
tions in building costs, but more on the underlying tread. 

The second group of factors represents the influence of the “accelera- 
tion principle.” The regression coefficient found for the influence of an 
increase in families seems to be reasonable as it is considerably below 
unity. (Both b and p are expressed in thousands of units.) The lag 
amounted to about two years, which seems rather large. It may proba- 
bly be explained by the fact that the greater part of young families 
start on relatively small incomes and, therefore, cannot immediately 
exert a very effective demand. Of course, an increase in population will 
partly influence residential building indirectly through an increase in 
rents. An annual increase of 1 per cent in the average income will, ac- 
cording to the regression coefficient, effectuate an increase in new build- 
ing of 5800 dwellings units, or 0.27 per cent of the average number of 











110 J. B. D. DERKSEN 





available housing units in the pericd 1914-1938. This figure is too large 
to be considered as representing only the influence of changes in the 
degree of ‘‘doubling up.”’ It seems probable, therefore, that this varia- 
ble accounts also for a speculative factor, as suggested before. This is 
further confirmed by the lead found, as the fluctuations of those items 
of national income which chiefly determine the decisions of specula- 
tors will as a rule show a marked lead in comparison with the fluctua- 
tions in total income. 

The question may be put as to how far the equation (2) is valid in 
times of depression. Of course, building cannot be negative, or more 
accurately, it cannot be below a negative figure, equaling annual re- 
placement. Though in 1933 residential construction was still above 
zero, we should not overlook that equation (2) refers to the country as 
a whole. In certain regions of the country the situation might quite 
well have been so depressed that the regression equation would no 
longer have been valid. 

The correlation cannot be considered very satisfactory, unless one 
takes into account certain restrictions mentioned before. The coeffi- 
cient of multiple correlation amounted to 0.96. With respect to the 
discrepancies between actual and calculated residential building atten- 
tion should, moreover, be paid to the following. As indicated in the 
Introduction, building activity was badly impaired during the years 
1917-1918 and consequently jumped up in 1919. No special correction 
has been applied to allow for this disturbance. In 1923 and 1924 cal- 
culated building is considerably higher than the observed figures. This 
may be due to inaccuracies in the’ estimates of residential building. 
Throughout this study use has been made of the estimates on residen- 
tial construction published by the Department of Commerce. These 
estimates are very close to the figures published by Wickens and Foster, 
except for 1923 and 1924, in which years the latter figures are higher. 
For the years 1925-1928 the fit is unsatisfactory, which is probably 
owing to the construction of apartments, showing for those years a 
boom reaching its turning point not until 1928, whereas total residen- 
tial construction has been on the decline since 1925. More statistical 
information on the factors governing the construction of apartments 
would be required in order to make possible a more detailed investiga- 
tion into this point of the analysis. With regard to the last five years 
covered by the regression equation, it has been remarked before that 
the index of rents is probably very sensitive for this period. Moreover, 
the estimates on the annual increase of the number of nonfarm families 
are for these years probably less reliable as they could no longer be 
based on interpolation. The figures on national income for the last two 
years are also not very accurate. 
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FACTORS GOVERNING FLUCTUATIONS IN RENTS 


The next step of the analysis concerns the “independent” factors of 
equation (2). As indicated before, we shall have to determine which of 
these factors is itself governed by conditions in the housing market. 
As the building industry forms an important branch of the economy, 
it itself exerts some influence on the increase of population and also 
on the fluctuations of average income. For the present we shall, how- 
ever, assume that this influence is negligible. With respect to building 
costs we shall make the same assumption, though in this case the hy- 
pothesis seems to be less justified. However, an investigation into the 
factors influencing the fluctuations of the index of building costs re- 
veals that the influence of residential building is relatively unimpor- 
tant, the main determining factors being total construction activity 
and the general business situation. We shall show later in how far our 
explanation of the long cycles in residential construction is affected by 
these simplifying hypotheses. 

Thus we are left with the index of rents. Its fluctuations have been 
explained by Chawner (p. 5) and independently also by Tinbergen 
(Vol. II, p. 56). Our analysis differs from their results only in minor 
points. 

Fluctuations in the level of rents will depend on demand and supply 
factors. As demand factors we introduce: 

(a) The total number of nonfarm families as an indicator of the 
“normal” need for shelter. 

(b) Average income of nonfarm families. On this factor depends the 
degree of “doubling up.” Moreover, it affects the demand for houses in 
the higher rent brackets. 

(c) Long-run fluctuations of the cost of living without rent. The as- 
sumption has been made that minor fluctuations in the cost-of-living 
index do not affect the demand for housing, as moving is inconvenient 
and costly and also because dwelling constitutes a “conspicuous” item 
of consumption. Therefore, this factor has for the period considered 
been represented by a trend, which has to be positive as the percentage 
of the total cost of living covered by rent has gradually increased. 

As supply factor we introduce the total number of available housing 
units. In the regression analysis it has been combined with (a) into the 
ratio of total number of families to the total number of dwelling units. 

By the method of least squares the following regression equation has 
been obtained: 


(3) r* = 4.9n_. + 0.521i_, + 0.53¢ — 428, 


in which: 
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r* =index of rents, 1914-1938 =100, as given by the above formula, 
n=ratio of number of families to number of available dwelling units, 
percentage, 
z«=average income of nonfarm families, 1914-1938 = 100, 
t=trend in years, 1926=0. 
Much care has been given to an accurate determination of the lags 
involved. By introducing distributed lags it was found that the “opti- 
mum” lag for n amounted to approximately 2 years, taking into ac- 


AS15 1920 1925 1930 1935 1940 


Fieure 2.—Explanation of fluctuations, in rents, 1914-1938. 
r, index of rents, National Industrial Conference Board; 1914-1938 = 100. 
r*, index of rents as computed from equation (38). 
4.9n_2, influence of ratio (percentage) of total number of nonfarm families to 
total number of available dwelling units; lagged two years. 
0.5217_1, influence of average nonfarm family income, 7; index, 1914-1938 
= 100; lagged one year. 
0.53, trend. 


count that Chawner’s figures refer to January 1. (Therefore 6 months 
had to be added to the lag found for Chawner’s figures, which was a 
year and a half.) Our result is in accordance with Tinbergen’s findings, 
whereas Chawner arrives at a lag of 9 months only. As in the United 
States houses are as a rule rented for a period of a year, our result does 
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not seem to be unreasonable, especially if one takes into account the 
stickiness of rents due to various imperfections in the housing market. 
A graphical representation of equation (3) is given in Figure 2. The 
dotted line r refers to the actual figures, the solid line r* indicates rents 
as estimated by the above equation (3). 
The coefficient of multiple correlation amounted to 0.97. The close- 
ness of fit is satisfactory as may be seen from Figure 2. 


EXPLANATION OF THE LONG CYCLES IN RESIDENTIAL CONSTRUCTION 


Equations (2) and (3) provide the necessary base for an explanation 
of the long cycles in residential building. Elimination of r leads to the 
following relationship: 


b = 79.6n_2 + 8.5011 + 8.65 — 8.56c_4 
+ 5.80(i41 — 4) + 0.44p_2 — 7425. 


(4) 


According to this equation building activity is related to a shortage 
or oversupply of dwellings two years before. Assuming for a moment 
that all exogenous factors—average family income, increase in number 
of families, and index of building costs—are kept constant, we are left 
with an equation similar to equation (1). In order to make the two 
equations strictly comparable we have to take into account that n is a 
ratio, whereas in (1) both members have to be expressed in the same 
units. Denoting the shortage or oversupply of dwelling units, in thou- 
sands, by d, the relationship between 7 and d is as follows: 


(5) n = — 0.0045 + constant. 


This formula has been derived by making use of the fact that on the 
average over the period 1914-1938 the ratio n has been equal to 96.3 
per cent, whereas the number of dwellings has averaged 21.4 million 
units. 


From (4) and (5) it follows that, omitting all constants, 
(6) b = — 0.36d_2. 


This equation is strictly analogous to (1), if we put a=0.36 and 
6=2 years. 

Consequently, the constant B, mentioned in the discussion on equa- 
tion (1), has the value 0.72. Comparing this result with the summary 
of the possible solutions of equation (1) given before, we see that in the 
case of (6) the solutions are damped oscillations. 

We shall now investigate in how far the above results have been 
affected by the simplifying assumptions introduced in the course of the 
analysis. It can easily be shown that their effect is very small and does 
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not change the results materially. We have assumed before that, e.g., 
the building-costs index is not influenced by residential building. In 
order to investigate the validity of this hypothesis, the author has 
made an attempt to give an explanation of the fluctuations in the index 
of building costs. Among the factors which determine these fluctuations 
are total construction activity (of which residential construction is only 
a part) and the general business situation. For a detailed analysis it 
would be necessary to investigate separately the factors which deter- 
mine the fluctuations of the wages in the building industry, etc. How- 
ever, it is not necessary for the purposes of this article to carry out such 
an elaborate analysis, because it can be shown that the influence of 
residential building, which is the only factor in which we actually are 
interested here, is rather unimportant. 

Between 1925 and 1933 the index of building costs (1915-1938 = 100) 
dropped from about 115 to about 85. Over the same period residential 
building shows a decline from about 900,000 to less than 100,000 dwell- 
ing units. Comparing these facts and assuming that the decline in resi- 
dential construction accounts for 50 per cent of the decline in building 
costs, we get the following formula: 


(7) c = 0.0186 + other factors + constants. 


It has been assumed that there is no lag between the fluctuations 
in b and in c. Substituting (7) in (4) we get, instead of (6): 


(6’) 0.15b_1 + b = — 0.36d_2. 


This equation can easily be transformed into one of the form (1). 
Putting a=0.15/1.15=0.18, we may write with sufficient approxima- 
tion: 


(6’’) 1.15b_. = — 0.36d_s 
or 
(6’”’) : b = — 0.31d_1.s7. 


The solutions of (6’’’) too will show damped oscillations. Their 
period will be somewhat longer and the damping degree somewhat 
larger than in the case of (6). 

It has been assumed above that half of the decline in building costs 
between 1925 and 1933 is due to the decline in residential construction. 
This is probably an overestimation of the influence of that factor. It is 
clear, therefore, that the results are modified only slightly by a refine- 
ment of the analysis with respect to the index of building costs. 

Figure 3 gives a graphical representation of equation (4), extrapo- 
lated for the years prior to 1915, The extrapolation was not possible 
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in the case of equations (2) and (3) because no index of rents is avail- 
able for the prewar period. It should be borne in mind that the validity 
of the extrapolation is somewhat doubtful, as, e.g., the index of building 
costs is for the years covered by the extrapolation considerably below 
the level which this index attains in 1915-1938, the period for which 
the regression coefficients were established. 





1900 1905 1910 1915 1920 1925 1930 1935 1940 


FieurE 3.—Explanation of residential building after elimination of index of 
rents, 1903-1938. 
b, residential building, in thousands of dwelling units, estimates of Department 
of Commerce. 
b*, residential building, as computed from equation (4), extrapolated for years 
prior to 1914. 
79.6n_2, influence of ratio of number of families to number of available dwelling 
units; lagged two years. 
b!, the endogenous cycle, starting from the situation in 1924-1925 (omitting 
all exogenous variables). 


The first term of equation (4) has been represented separately in the 
lower part of Figure 3. The dotted line represents the endogenous cycle, 
which would develop from the actual situation in 1925, if it were possi- 
ble to keep all exogenous variables constant. The period of the cycles 
is about 12 years. The oscillations are very damped: the cyclical fluc- 
tuations disappear practically after completion of one cycle. 

The period found is shorter than the average length of the cycles as 
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observed during the last hundred years. The high damping degree is 
also remarkable in view of the regularity with which the cycles have 
appeared in the past. While considering these results, one should keep 
in mind that they have been derived from the observations over the 
postwar period. It might quite well be that before 1914 one or more of 
the lags involved was longer than they are now. If the lag in equation 
(6), which is a sum of various lags, formerly had been equal to 33 years 
instead of little more than 2 years now, the period of the solutions 
would have been about 15 years and the damping degree much less 
than was found above. This follows from the discussion of the solutions 
of equation (1). Under the assumption made the constant B would be 
equal to 0.36-3.5=1.26. 

If the above analysis is right, it is to be expected that in the future 
the building cycles will be more irregular than they have been in the 
past, because residential building will depend to a greater extent on 
external disturbances and influences. The results will remain to be of 
value because they explain how residential building will develop from 
a situation of shortage or oversupply on the housing market. 

Finally the question may be put as to how far the results obtained 
may be used for other purposes, e.g., forecasting. As we have seen some 
of the independent variables influence rents and residential building 
after a certain time lag. 

This makes it possible to predict residential building one or two years 
ahead. In the writer’s opinion, however, only rough conclusions can be 
reached in this respect. A more detailed analysis would be needed in 
order to obtain results that might be used for more accurate methods 
of forecasting residential building than are available now. Attention 
has been drawn before, e.g., to the construction of apartments. The as- 
sumption might be made that the construction of apartments is partly 
a saturation phenomenon. This would lead to an improvement of the 
correlation obtained in Figure 1. As no further proof could be given to 
justify the hypothesis, it has been left aside in the present analysis. 


Netherlands Central Bureau of Statistics 
The Hague 








A NEW METHOD OF TREND ELIMINATION 
By M. Katecxt and B. Tew 


I. THE ESSENTIALS OF THE METHOD 


1. We try here to develop a new method of trend elimination for the 
case when a time series y subject to trend is supposed at the same time 
to be a function of another time series x (e.g., y being the productivity 
of labour in a certain industry and x the volume of output in it). Or, 
if the time influence and that of z are assumed to be additive, the prob- 
lem may be stated as follows: We want to represent y as a sum of two 
components, 


(1) y = f(t) + g(x), 


where f(¢) is the trend function having certain definite properties plus 
random fluctuations and g(x) the “pure” functional relation between 
x and y which we purport to discover. 

The problem is usually solved by assuming a definite shape for the 
trend function and g (e.g., that they are both linear) and applying 
thereafter the method of double correlation. The method which we 
present here differs from this procedure in that: (1) No definite shape 
of g is assumed but this shape is obtained as a result of computation; 
(2) Though it is necessary to assume for the purpose of calculation a 
definite shape of the trend function, it may be demonstrated that, in 
so far as this function fulfils certain fairly general conditions, its shape 
does not affect very much the solution obtained for g. 

2. The leading idea of our method is very simple. Let us denote the 
successive time units, say years, of the period considered by 0, 1, 2, 
- + + ,n. Suppose that in the periods & and | the variable x has the same 
value or x,=21. It follows then from the equation (1): 


yr — yx =f) — fh). 


If we denote the first differences of the function f by A1, As, -- - 


? 
the last equation may be written 


r=! 


x Ar = Yi — Yr 
rek+1 
If x is a fluctuating variable, we shall have many equations of this 
type (this is, however, subject to the qualification that in general x 
is not exactly equal in any two periods; the necessary adjustment will 
be considered in paragraph 3). Now taking Aj, As, - - - , as unknowns 
we have a number of equations and thus we can express these first 
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differences of f in terms of a few of them, say A,, As, and A,. Thus 
we reach the point where we must make some assumptions about the 
shape of the trend function. 

We assume that the differences of the function f(t), Ai, Ae,---, 
should deviate as little as possible from a constant which amounts to 
the function f(t) having a possibly steady arithmetical rate of change. 
Now we obtain from the theorem of least squares the condition: 


a (a, 2 =) 


n 





should be a minimum. A, being expressed in terms of Ag, A», and A,, 
the same is true of this sum. Thus it is easy to obtain from the above 





Figure 1. 


condition the numerical values of Aq, Az, and A, and consequently also 
those of all A,. 

It must be mentioned that the condition of A, deviating as little as 
possible from a constant is not equivalent to f(t) deviating as little as 
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possible from a linear function of ¢. But the assumption that the rate 
of change of f(¢) should be as steady as possible is at least as reasonable 
as the latter one, and much more convenient for the purpose of calcula- 
tion. It may be also shown that the difference in the function g obtained 
on either of these assumptions is small if the random component is not 
very great as compared with the deviations of g(x) from the mean. 

3. As already mentioned certain difficulties arise in the application 
of the above method since in general z is not exactly equal in any two 
years, but it may be adjusted as follows: Let us draw the time curve 
of x and under it that of y (see Figure 1; we obtain them by joining 
the “annual” points by straight lines). Let us find the points of inter- 
section of the x curve with horizontals drawn at certain equal intervals, 
mark their abscissae, and project them on y curve. Let us denote the 
abscissae of these points by fo, t1, t2,---, tm. If the points of inter- 
section of a horizontal with the x curve are, say, I, K, L, their abscissae 
ti, tx, t:, and the corresponding ordinates y;, yx, y1, then, since x for 
these three points is equal, we have the equations: 


fi) —ft) =ye-—y and fit) — fh) =m — 5 
or, denoting the first differences of f by Ai, Ao, ---, 


r=k r=1 


D4=y—-y and DA =yr— ye. 


r=i+1 r=k+1 


Such equations can be obtained for each horizontal and then we are 
able to express all A’s in terms of some of them, say, A., As, A.. And so 
it will be obviously possible to express in terms of them the rates of 
change of f, i.e., A,/(t-—t-_1). 

Now we again minimize the sum of squared deviations of these 
rates of change from the average rate of change »~A,/(tm—to). Since 
the intervals ¢,,,:—¢, are in general not equal, the condition of least 
squares must now be written as follows:— 


Ay key 
> (t — te) {——— - u \ = minimum. 


ty ts br tn as to) 





We obtain from this condition A,, Az, A., and then all A,. 

4, After having determined the first differences of the function f we 
can now obtain this function itself as the cumulated first difference 
plus an arbitrary constant C. The function g may be then obtained by 
subtracting f from y. It contains, of course, also the constant C. This 
is not at all surprising since the existence of trend implies that the 
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shape of g must change in time. If, for example, y is the productivity 
of labour and zx the output, the function g must change because of 
technical progress. If we define C from the condition: 


yi = g(%), 


where y; and x; are productivity and output in the first year, the func- 
tion g corresponds to the technique of this year except for the random 
error which may be involved in y;. We obtain the “average” g by 
imposing the condition 


Ly = Dogz). 


The advantage of taking “‘average”’ g is its being less liable to random 
error than g derived from such an equation for a particular year. 
Since we have g(x) =y—f(t) the last equation may be also written: 


(2) DY = 0. 


II. APPLICATION OF THE ABOVE METHOD OF TREND ELIMINATION 
TO AN INDEX OF THE REAL LABOUR COST OF PRODUCTION 
IN THE BRITISH STEEL INDUSTRY 


1. The two variables with which we are here concerned are: 


y, the index of real labour cost, i.e., man-hours per unit of output, 
x, the index of output,! 


in the British Steel industry for the period 1920-35, the base year be- 
ing 1930. (The years 1921 and 1926 were excluded, since they were 
years of great strikes.) These variables are also plotted in Figure 2, 
the annual values being connected linearly. We assume that y can be 
represented as the sum of two components 


y =f) + 9(2), 


and our problem is to evaluate g(x). 
First we draw the ‘horizontals, 


a = 120, 
= 110, 
= 100, 
90, 
= 80, 
70, 
and drop perpendiculars on to y from the points of intersection of z 
with these horizontals. In all there proved to be 25 such perpendiculars. 


RRRBA, 
ll 


1 In this index the various types of steel products were weighted according to 
their estimated average wage cost. 
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The points at which these perpendiculars cut the time scale were 
labelled to, ti, te, POPE ig tos. 
































| 
t y | | 
| il 
60-44 Ft 
LEEELELEEL ; Bk REKE Lt & BRE 4h 
| fit ot ieee | ly |_| | | poe Ee ae 
rary 211} 1922 O2 SL19241 1925119 20} 1] g27p1928l is 710) ve VA PA 3411935) 
} | : /\ \/ ate | 7 































































































Figure 2.—2x =output of the British steel industry; 
y =real labour cost; 1930 =100. 


The first differences of the unknown function f(t), i.e., the changes in 
the value of f(#) during the time intervals, 


t, — bo, 
be — hi, 
Sf F 
tos — tos, 


we denoted by Aj, Ao, As, - - - , Ass, respectively. 
Since the difference between the values of y at two dates at which x 
has the same value (e.g., éo and ¢,3 in this example) is attributed solely 
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to the change in ¢, this difference is the sum of the A’s lying between 
the two dates. Thus, in our example, x takes the same value, 120, at 
to and f13. At to the value of y can be read off as the value taken by y 
at the foot of the first perpendicular, namely 161.5, while the value of 
y at tis, read off in a similar manner, is 96.5. The difference (96.5- 
161.5= —65) is the sum of the A’s lying between é and f13: i.e., Ai +Ae 
+--+ Ay=—65. 

Since, later on at tos, x again takes the value 120, the value of 
AutAis+ --- +Aex, can also be obtained; and in general on each 
horizontal (c=120, 110, 100, 90, 80, and 70) equations involving A’s 
may be obtained one fewer in number than the number of times which 
x cuts the horizontal. In this example 19 equations were obtained. 

2. The problem of obtaining all the A’s in terms of a few of them 
could be tackled by solving the 19 equations as they stand, but we have 
found that by setting the equations in the manner described below the 
calculation is greatly facilitated, since it is then possible to express each 
of the A’s in terms of only one of the ‘“unknown”’ A’s, Consider any 
“bay” in the x curve; in our example let us take for instance the one 
which extends from ¢13 to tes. None of the horizontals which we con- 
sider pass through the very end of the bay, i.e., the minimum value of 
x in this period, since in 1932 z fell to 68, which is slightly lower than 
the lowest horizontal which we consider (x =70). Consequently one A, 
namely Ais, may be evaluated immediately, since the x curve cuts the 
horizontal z= 70 at two successive ¢ intervals (t:s and f19). The value of 
Aig may be read off the graph of the y curve as U (since y=111 both at 
tis and at tig) or we can save time by referring to our 19 equations, 
one of which will be Aiy=0. 

The next highest horizontal, e=80, cuts the bay at ti and feo, so 
that another of our 19 equations will give the sum of A;s+Ai9+Aago. 
We find that the equation is 


Ais + Aig + Ano = — 2. 
One of these A’s, Ais, we have already evaluated, so that we can write 
Ais + 0 + Azo 


or Ais + Aso = — 2 


=e 


Again, the horizontal x=90 cuts the bay at tis and tsi, so that a 
third equation will be of the form: 


Ai + Ais + Aig + Aso + Asi = some definite value, in this case —1.5. 
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Since we know that A;s+Aj9+Ao).= —2 we can write: 


Ai + Aa =—__ Ld = ( —2) 
= + 0.5. 


In the same way the other A’s in the bay may be evaluated in pairs, 
and we therefore get:— 


(a) Aiy = 0,7 

(b) Ais + Ao = — 2, 
(c) Ai + Ae} = + 0.5, 
(d) Ais + Ase = + 3.5, 
(e) Ais + Ax = +1, 
(f) Au + Au = — 3. 


Consider next the adjacent bay in the x curve, extending from ¢, to 
ti3. The end of this bay (the maximum value of x between ¢é, and ¢,3) 
lies on the horizontal «=120, so that there is not in this case a A 
corresponding to the end of the bay which may immediately be evalu- 
ated singly. However, since c=110 cuts the bay at fi2 and ty, Ais and 
Ay can be evaluated. Actually Ais +Au=—13. 

Owing to the inflexion in the x curve between f, and ¢,; the next hori- 
zontal (c=100) cuts the x curve at three successive t’s, viz., ts, £10, and 
ti1. Consequently Aio and Aj; may be read off as —1 and —3.5 respec- 
tively. In addition, since this horizontal cuts the other side of the bay 
at tis, we can evaluate Ai2+Aj3+Ais+Ais. Thus we get: 


Are + (Ais + Aus) + Airs = — 21.5, 
1.e., Ay + ( — 18) + Ass = — 21.5, 
1:6:; Ae os Ais = — 8.5. 


The other A’s in the bay can in a like manner be evaluated in pairs. 
Thus we get:— 


(g) Ai33 + Au = — 13, 
(h) Ai+ Ais = — 8.5, 
(i) Aun =-— 3.5, 
(j) Aio a 1, 
(k) Ay +A = — 2, 
(1) Ag + Aw = — 3, 
(m) A; + Ais ars 2. 


In the third bay in the x curve, we can evalucte further A’s, singly 
or in pairs :— 
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(n) 
(0) 
(p) 
(q) 


(r) 
(s) 
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Ag 

As + 
Ay + 
As + 


As + 
A; + 


=— 4, 
Az =-- 8.5, 

As = 9.5, 

Ag —— 8.5, 

Aw = — 1, \ Also evaluated in the 
Ai = — 3.5,) |preceding bay, 

Aw = — 12.5, 

Ai =—— Li: 


We have 19 equations and 24 A’s, so that we can express all the A’s 
in terms of five “unknown” A’s, Since the 19 equations each contain 
either one or two A’s, each of the A’s may either be evaluated im- 
mediately, or be expressed in terms of one “unknown” A. Thus, taking 
Aj3, Ais, Ag, As, and A; as the five unknown A’s, we get :— 


(A) 


(B) 


(D) 


(E) 


(F) 


Ai 

Ais 
Ais 
Ass 


As 

Aie 
Ais 
Ags 


A3 
Ag 
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Ag 
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Aoi 


As 
A; 
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Azo 


Ae 

Ao 
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95 oy. 
Ais, 
Aas hae, 
+10 + Ap, 
— 19.5 — tie 
Ais, 
— 8.5 — Ar, 
+ 9.5 + Ar, 
— “Bist, 
ba, 
ee 
+ 5.5+ Ag, 
— 9.5 — As, 
As, 
4% ae 
4. "8B thy, 
— 8.5 — Ay, 
Ai, 
— 2 —A, 
+ Ay, 
a 
a 
— 38.5, 
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from equation (s), 


from equation (g), 
from equations (f) and (g). 


from equation (r), 


from equation (h), 
from equations (h) and (e). 


from equation (q), 


from equation (k), 
from equations (k) and (d). 


from equation (p), 


from equation (1), 
from equations (1) and (c). 


from equation (0), 


from equation (m), 
from equations (m) and (b). 


from equation (n), 
from equation (j), 
from equation (i), 
\from equation (a). 
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The above expressions are arranged in their proper order in Column 
IV of the Table 1. 















































TABLE 1 
1 | mu | m IV Vv VI VII 
Length | Recip- 
Time | of in- |rocal of Ay Ar A, fOt+e 
in- terval in|previous ——— -3 at the end of 
terval | years | column ty —tra each interval 
0 
ti —to 0.3 3.3 —17.5—Ai3} —53.9 —3.3A13) — 3.7 — 3.7 
te—t 0.4 2.5 —12.5—Ay| —26.8—2.5An)— 3.5 — 7.2 
ts —te 0.3 3.3 — 8.5—Ag| —23.9—3.3A9|— 4.45) —11.65 
ts —ts 0.4 2.5 — 9.5—As| —19.6—2.5As|— 5.8 —17.45 
ts —ts 0.35 2.9 — 8.5—A;| —20.0—2.9A;|— 5.75) —23.2 
tg —ts 0.3 3.3 — 4.0 — 8.9 — 4.0 —27.2 
t; —ts 0.25 4.0 A7| + 4.4+4.0A7;|— 2.75 —29.95 
ts —ty 0.3 3.3 Ag| + 4.4+3.3A3|— 3.7 —33.65 
tg —ts 0.3 3.3 Ag| + 4.4+38.3A,|— 4.05 —37.7 
tio —ty bed 0.6 — 1.0 + 3.8 — 1.0 —38.7 
tuto} 0.6 18 — 3.5 — 1.5 - 3.5 —42.2 
tie —t 1.0 1.0 Ai} + 4.4+Ar — 9.0 —51.2 
tis —ltie 2.75 0.4 Ais} + 4.4+0.4A13| —13.8 —65.0 
tia —hs 0.5 2.0 —13.0—Aj3| —21.6—2.0Ai3;|+ 0.8 —64.2 
tis —tia 0.5 2.0 — 8.5—Aj| —12.6—2.0An}+ 0.5 —63.7 
tis —tis 0.4 2.5 — 2.0—Ag| — 0.6—2.5A9|/+ 2.05 —61.65 
liz —his 0.4 2.5 — 3.0—As| — 3.1—2.5As|+ 0.7 —60.95 
tis —tiz 0.9 1.1 = 2.0—A; + 2.2-—1.1A7 + 0.75) —60.2 
tig—tis | 0.4 2.5 0 + 4.4 0 —60.2 
too—tig | 0.55 1.8 A7| + 4.44+1.8A7|— 2.75 —62.95 
toi —teo 0.5 2.0 + 3.5+As| +11.4+2.0As|— 0.2 —63.15 
too — tar 0.35 2.8 + 5.5+Ag| +19.8+2.8A9/+ 1.45 —61.7 
tos —too 0.4 2.5 + 9.5+Ar| +24.8+2.5An)+ 0.5 —61.2 
tog —tos 0.65 1.5 +10.0+Aj3} +19.8+1.5Ai3|— 3.8 —65.0 
Sum: —1073.7 





3. We expressed the time intervals (t1:—to), (ta—#:),---, (tos —tes), 
in years by reading the values from the graph. These are shown in 
Table 1, together with their reciprocals (Columns II and IIT). 

We then evaluated: 


Ai + (t — to), 
Ae + (te — ti), 
er 


Aes + (t24 — bs). 
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These correspond to the average slope of f(t) in the various time inter- 
vals. 


Next we calculated, the average slope of f(t) throughout the period 


to to toa, i.e., 
A 64 
x =—-——= — 4.4. 


5 = = 
tea — bo 14.5 





Thus we obtained the difference between the average slope of f(f) in 
the various time intervals and the average slope throughout the period, 
i.e., 


Ay 5 
tg 
which is shown in Column V in Table 1. 


We then had to find the values of the unknown A’s (Az, As, Ag, Ai, 
and Aj3) which minimized 


Se t)) “ it. 


i, a tr—1 


Substituting these values for the unknown A’s in Column IV we 
were able to evaluate all the A’s (see Column VI). 
4, We were now able, by cumulating the A’s, viz. 


0, 

A, 

Ai + As, 

Ai + Az + As, 

a 

Aa + Os + Ag to ey 
to obtain f(t) +C m the end of each interval,’ (i.e., the trend function 
plus an arbitrary constant). We obtained this arbitrary constant C 
from the condition expressed by equation (2). 


The sum of the cumulated A’s above is —1073.7, so that since 


df) +25C = — 1073.7 and “f(t)=0, we get 25C = —1073.7, ie., C 
= —43, 


Having evaluated C, we subtracted it from f(t)+C and obtained 
f(). From the equation :— 


2 Column VII in Table 1. 
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y =f) + g(x) 


we were able to calculate g(x). Since equal values of g(x) were associ- 
ated with equal values of x, the result may be presented thus: 


Value of x Value of g(x) 
120 118.5 
110 119.5 
100 120.5 

90 122.5 
80 126.0 
70 138.5 


These two series are plotted in Figure 3. Since y = 100 in 1930, g(x) is 
the real labour cost of production at various outputs—the effect of 
trend being eliminated—expressed as a percentage of the actual real 
labour cost (y) in 1930. 


4) 


130 
120 
110 


0 
we 70 80 9° 100 «110 120 X 


Figure 3. 


Ill. APPENDIX 


We will now show that the assumption we make about the rate of 
change of the trend function, if it fulfils certain requirements, does not 
greatly affect the function g obtained from the calculation. (To simplify 
the exposition we assume all t,,,—¢, time intervals to be equal.) 

Let us suppose the rate of change of the trend function not to be 
constant but to fulfil some other condition. Let us denote by y’, 7’, 
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and g’ the first differences of y, the trend function, and g respectively; 
and the deviations of y’, 7’, and g’ from the mean by (y’), (7’), and 
(9). 

By means of our method (g’) may be expressed in terms of some 
A’s (say Aq, As, and A,); it is easy to see that we shall have: 


(g’) = AA, + BA, + CA,, 


where A, B, and C are determinate functions of x, and Aj, A;, and A, 
are constants to be obtained from the condition: 


(3) > [y’) — (7) -— g’) ]? = minimum. 


Let us now determine, on the other hand, (g,’) corresponding to the 
assumption that the rate of change of the trend function is constant or 
(71) =0; we have also here: 


(q’) = AA. + BA, + CA., 


where A, B, and C are the same functions of « as above while the 
values of A,, A,, and A, are different and are determined by the condi- 
tion: 


(4) > [y) — @’) 2 = minimum. 


It follows that the difference between (g’) and (g:’) may be repre- 
sented as: 


(5) (9’) — (gx') = Aa + BB+ Cy, 


where a, 8, and y are constants. 
Now from equation (3) we obtain: 


» ly’) — (7’) — @’)JA = 9, Dd [(y’) — (7’) — (g’) |B = 0, 
d L(y’) — (7’) — @’) Je = 0; 
while from the equation (4): 
~lw)-@)]4=0, DY [y’) - @)]B =0, 
> ly’) — (nye = 0; 





and, by subtracting: 
Dlr’) +") — @)'J4 = 0, De U(r’) +’) — (B= 0, 
Dd [(r’) + Gg’) — G)’] C = 0. 
Now taking into account the equation (5) we have: 


DX [r’) + 9’) = IG’) — Gi’) ] = 0; 
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or: 
Dd [@’) — @’) PF = — XY (r)[@’) — ’)]. 
Dividing both sides by Vs [(9’)— gi’) ? Vd.(7’)? we obtain 
6) eee 
Ve? 
where p is the correlation coefficient between (g’)—(g:’) and 7’. Since 
|p| <1, we have: 


VEO) = GIF <VECe 
Now z is fluctuating in time (otherwise all our method would be in- 
applicable) and so will g(x) be almost always. On the other hand our 
choice of the shape of trend function 7 is in general such that (7’) does 
not fluctuate and very often it changes within a much shorter range 
than (g’). Under these conditions >. [(g’) — (g1’) |? will be small as com- 
pared with >> (g’),? which means that g; corresponding to the assump- 
tion of a constant rate of change of the trend function does not differ 
much from g obtained on some other assumption about this function. 
If, however, there is an important change in the rate of trend while the 


fluctuations of g(x) are relatively slight, the difference may prove sub- 
stantial. 


Cambridge 











A DYNAMIC PROBLEM IN DUOPOLY 


By A. Smirures and L. J. Savace 


In 1925, Dr. C. F. Roos applied the calculus of variations to the prob- 
lem of competition,' and, in the first part of his paper, solved a problem 
closely analogous to the Cournot case, where the production of one 
producer was assumed to be in a certain sense independent of that of 
the other. The purpose of the present paper? is to extend Dr. Roos’s 
methods to cover problems made manageable by the use of difference 
and mixed difference and differential equations.* We shall work with a 
highly simplified model constructed for its analytical possibilities rather 
than its reflection of reality. While the conclusions are, we think, not 
without realistic significance, we regard this paper as chiefly of metho- 
dological importance. 

In Part A we shall attempt to state the problem and the conclusions 
of the mathematical analysis, as far as is possible, in nonmathematical 
language. In Part B the rigorous mathematical argument will be de- 
veloped. At the risk of some repetition, it seems to us that the purposes 
of each part can be best achieved by making them, as far as possible, 
independent of each other. 


PART A 


Suppose there are two duopolists faced with a demand function of 
“normal” shape (i.e., continuous and monotonically decreasing), and an 
identical cost function involving increasing or constant marginal costs. 
Suppose further that each of the producers must plan his output one 
unit of time (with appropriate choice of units) in advance. Then, in 
planning this output for any time, each producer will have to estimate 
his competitor’s output at that time, on the basis of data available to 
him at the present time. Ideally, the whole past history of his own and 
his competitor’s operations should be accepted as relevant evidence; 
but for the sake of simplicity we shall assume that one producer uses as 


1“A Mathematical Theory of Competition,” American Journal of Mathemat- 
tics, 1925, p. 163. 

2 We are very grateful to Professor Rainich for reading the manuscript of 
this paper and for criticism and advice. 

3 See especially Frisch and Holme, ‘‘The Characteristic Solutions of a Mixed 
Difference and Differential Equation,” Econometrica, Vol. 3, 1935, p. 225; 
Kalecki, ‘‘A Macrodynamic Theory of Business Cycles,’ Econometrica, Vol. 3, 
1935, p. 327; Tinbergen, ‘‘Annual Survey: Suggestions on Quantitative Business 
Cycle Theory,’”’ Econometrica, Vol. 3, 1935, p. 241, at p. 276 and other refer- 
ences; James and Belz, “‘The Significance of the Characteristic Solutions of 
Mixed Difference and Differential Equations,’”? Econometrica, Vol. 6, 1938, p. 
326. Although the work of these-authors has but slight direct application to 
our problem, we are greatly indebted to them indirectly. 
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the basis of his estimates his own and his competitor’s present levels of 
output, and whether his competitor’s output is at present increasing or 
decreasing over time. 

The problem we wish to analyze is the process by which the two com- 
petitors adavt themselves to new situations. To be more specific; sup- 
pose that there has just passed a period over which the demand func- 
tion has been shifting. During this period the competitors will have 
adapted themselves as best they can to changing conditions, but prob- 
ably will not have been able to follow any coherent plan designed to 
maximize profits. But now demand conditions have become stable once 
more, and we wish to examine the equilibrium (if any) that will be 
achieved and the path over time by which the competitors will arrive 
at that situation. Clearly they will be interested not only in their 
profits in the equilibrium situation (which, in fact, may never be 
achieved since new disturbances may occur before adaptation is com- 
plete), but also in their profits during the period of adaptation. In 
planning his production for any unit period, a producer will therefore 
consider both the profits he makes in that period and also whether he 
is placing himself in a strategic position to make profits in future 
periods. In short, each competitor will aim at maximizing his profits 
over a period of time, and the question arises: what period? The answer 
is the period over which they expect demand conditions to remain 
stable. If this period is limited in length, it is easy to see that full equilib- 
rium may not have been achieved by the end of it—since the sacri- 
fices of present advantage involved in making the adjustment so 
rapidly may have been too great to be worth while. On the other hand, 
if the competitors expect conditions to remain stable indefinitely, we 
may expect that, if an equilibrium position exists, it will ultimately 
be achieved. 

In the first unit period of time with which we are concerned the data 
on which each producer makes his estimates will be the outputs during 
the last unit of time in the period of change and confusion. In the 
second unit of time the outputs during the first unit of time will form 
the basis of estimation, and so on. 

We shall now consider the behavior of the competitors over time in 
the following two cases: (1) Each competitor assumes that his rival’s 
output, one unit of time from the present, will be a weighted arithmetic 
mean of their present levels of output. This is a generalization of which 
the Cournot assumption that one competitor assumes that his rival 
will maintain a constant output is an extreme special case. At the other 
extreme one producer will assume that his rival will always produce 
an output equal to his own. The case we shall investigate is the general 
one which includes these extremes and any case intermediate between 
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them. (2) Each competitor assumes that his rival’s output will increase 
for the next unit of time at its present rate. Thus, if one producer’s 
output is increasing at present at 10 per cent per month, it is assumed 
by his competitor that his output one month from now will be 10 per 
cent higher than at present. 

Case (1). In this case a position of equilibrium always exists and will 
be attained if sufficient time is allowed to elapse. If the Cournot as- 
sumption is made, Cournot’s solution will be the solution to the present 
problem. On the other hand, if it is assumed that outputs will be equal- 
ized, the solution will be the same as if the two competitors acted as a 
single monopolist. 

Next, as to the path by which equilibrium is achieved. Clearly one 
competitor is prepared to sell more, the smaller the quantity his rival 
is selling. Hence, if he estimates that in the next period his rival is 
going to sell a smaller-than-equilibrium output, he will (except in ex- 
treme cases) plan to sell a greater-than-equilibrium output. If both 
competitors make such plans for the first unit period, they will find 
each other both selling greater-than-equilibrium outputs. They will 
then both try to contract production in order to restore prices, and 
will move to less-than-equilibrium outputs in the second period, and 
so on. Output for each competitor will behave cyclically over time and 
the length of the cycles will be about two units of time. 

When a competitor contemplates a greater-than-equilibrium output, 
his inclinations will be checked by the prospect of subsequently having 
to contract. But this prospect will be less bleak if he thinks his rival 
will also contract rather than maintain a high level of output. Hence, 
the greater the extent to which the Cournot assumption is made, the 
more the cycles will be damped. But they will be damped in any case, 
and eventually stable equilibrium will be reached. 

The amplitude of the cycles and their phase will depend largely on 
the initial conditions. If the rates of output during the initial interval 
are both greater or less than their equilibrium values, the cycles will 
have a greater amplitude than if the initial output of one competitor is 
greater and of the other less than its equilibrium value. In the latter 
case, the cycles may be of different phase and each will have a damping 
effect on the other. It may happen that the initial conditions are such 
that the estimated outputs are each equal to equilibrium output, and 
in this case equilibrium will be attained immediately. 

Case (2). The second case yields cyclical solutions of similar char- 
acter to those described above, but, as is fairly evident, we cannot say 
that stable equilibrium is achieved for all initial conditions. We can 
say, however, that if the initial outputs are approximately linear over 
time, the cycles will be damped over a finite period of time and output 
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for each competitor will tend towards the value given by the Cournot 
solution. If the initial outputs are in fact linear functions of time, the 
cycles will be damped over any period. We shall argue, further, that the 
“explosive” cases are in general cases where it is unreasonable to suppose 
that linear extrapolation would be used as the method of estimation. 

The importance of the cycles from the point of view of several 
economic fluctuations depends on their period. In many industrial 
processes this is too short for the cycles to be of great interest. In such 
cases, we prefer to stress not the cycles but the tendency towards 
equilibrium which our analysis reveals. 


PART B: MATHEMATICAL 
I 


We shall confine ourselves to considering two identical producers 
operating in a perfect market for a single commodity. This implies that 
they are confronted with the same (unchanging) demand function; 
that their cost functions are identical; that there is a single price ruling 
in the market; and that their reactions to each other’s behavior are the 
same.* 

Suppose that production at time ¢ must be planned at time t—1 
(with appropriate choice of units of time); and that production at ¢ 
is also sold at that time. Then in planning his output each producer 
must conjecture what his competitor will be producing one unit of time 
in advance. If these conjectures are based on economic quantities at 
all, it seems reasonable to assume that the quantities that will be taken 
into account by each producer are his own and his competitors present 
levels of output and their rates of change. Thus, letting f(é) and ¢$(¢) 
denote the rates of production at time ¢, and f*(é) and ¢*(£) the outputs 
of each producer as conjectured by the other, we can write 


HO =AK[fe-), o¢-V),/E-D,¥E- DVI, 


and similarly for ¢*(t), yielding a function F2, analogous with F,. 
We shall be concerned with the following two cases: 

(1) Each producer at time t—1 assumes that his competitor’s output 
at time ¢ will be a weighted arithmetic mean of their present levels of 
output, i.e., 


4 It will be seen that the analysis can t2 pushed a considerable distance in 
the perfectly general case, but that in that «use it is difficult to obtain significant 
qualitative results. 

5 We shall not consider cases where ¢’(t—1) appears as a variable in Fi. 
Although the method to be followed is clear, to find a solution for particular func- 
tions is a matter of great complexity. 
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(1a) FO = mf(t — 1) + not — 1), 
(1b) o*(t) = mo(t — 1) + nf(t — 1). 


(2) Each producer assumes that his rival’s output will continue to 
change at its present rate of change over the next unit of time, i.e., 


(2a) PO = -— 1 TE —D, 
(2b) ¢*() = o¢ — 1) + ot — 1). 

A combination of these hypotheses is probably more realistic than 
either of them alone, but for the sake of simplicity it seems preferable 
to deal with them separately. This will be done in Sections II and III. 


Let p(t) be the price at time ¢, and let the demand function be linear, 
of the form, 


(3) p(t) = alf® +4] +6, a<0,b>0. 
Let total costs for each producer be of the form: 
(4) C[f@)] = def)? + df), c> 0,d> 0, andd <b. 


In planning his production, each producer will have to work on the 
basis of an estimated price, which will depend on his own planned out- 
put and his estimate of his rival’s output. Let p;*(¢) and pe*(t) be the 
prices at time ¢ as estimated by the producers. Thus from (1) and (3), 


(5a) piX(t) = alf) + o*()] +5, 
(5b) p(t) = alg*() +f] +. 


Each producer will then attempt to maximize his estimated profits 
over a period, 0 to N. The profits which the competitors will attempt 
to maximize will be given by 


(6a) n= f [ptf — colds, 


(6b) n= [ [pte - 0) la, 


where the limits N and 0 indicate that the integration is to be per- 
formed over N time intervals, extending from 1 to N.° 

The shapes of f and ¢ which will maximize 7; and 72 will be the solu- 
tion of simultaneous difference equations in problem (1) and mixed 
difference and differential equations in problem (2), and our results 


6 Profits should be discounted and/or accumulated to some particular point 
of time, but, for present purposes, no essential principle is obscured, and the 
analysis is simplified by omitting the discounting factor. 
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will depend on given values of f and ¢ in the range (—1, 0), which are 
assumed bounded and integrable. Following James and Belz,’ these 
values will be termed ‘‘the constraints.” 


II 
Case (1). Let f(t) and ¢(t) be the optimum shapes of f and ¢ and let 
(7a) f <7 f + wy, 
(7b) $= $+ wr), 


where y and @ are arbitrary functions of t, and w, and w: are parameters, 
0<a1, we <1. 

The functions f and ¢, f and ¢ are assumed bounded and piecewise 
continuous. y and @, therefore, also fulfill these continuity conditions. 

Replacing f and ¢ in (6) by their values as given by (7), we can 
represent 7, and 72 as functions of w; and w2 respectively. Since their 
points of discontinuity are finite in number, f and ¢ are integrable, and 
m, and 72 are continuous and differentiable in w; and we respectively. 

Hence, since f=f where w;=0 and ¢=¢ where w2=0, the necessary 
and sufficient conditions that f and ¢ may be the shapes of the functions 
that maximize 7; and 7 are: 


(a) Om Om 0 
a CS OC @ = Ww = 
ia a ii, eases 
Om 
— <0, w1 ~ 0, w, = 0, 
01 
(b) 
Om 
———~ <<) we ~ 0, o1 = 0. 
Owe 


Differentiating (6a) with respect to w: we have 


Om N of “ Opi* of 
—_ = — -b —C(f = lat 
001 f |= " f 0a ) 0a 





Let us adopt a subscript notation to indicate lagged terms: for example, 
ft-NY=fa, f'+1) = fu, ete. 
Then substituting from (4), (5a), and (7a) and collecting terms: 
Om N 2 a a 
aaa f { (2a —¢) (f + ow) + an(f + ou) + am(o_1 + w24_1) 
(8) dur 0 


+ (6 — d) ly + (f + ww)anya} dt. 
3 Op. cit., p. 327. 
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Hence for condition (a) we have 


& 
001 w;=wo=0 


(9) - 
= f { [(2a — c)f + anf_s+ amg. +b — dly + anfp_s}dt=0. 


Since the constraint is given, Y=0 in the range (—1,0), or, which is the 
same thing, y_,=0 in the range (0, 1), and hence we may write 


N N-1 
f Wak= | fe. 
0 0 


Hence (9) may be rewritten: 


Go 
Dwr] « =w=0 


(10) f i [(2a — c)f + anf + amo. +b — d]ydt 


N-1 
N-1 
+f lanfs1 + (2a — c)f + anf_1 + am¢1+b — dlydt = 0. 
0 


Since y is arbitrary, the integrand of (10) must be zero, hence condition 
(a) involves :8 
(11a) (2a — c)f + anfitam¢i:+b—d=0, 

in the range (N — 1, N); 
(11b)  anfys + (2a — c)f + anf t+amoit+b—d=0, 

in the range (0, NV — 1). 


If we follow the same procedure for maximizing 72, we obtain condi- 
tions precisely analogous to those for 71, namely 


(12a) (2a — c)o + ands + amfit+b—d=0, 
in the range (N — 1, N); 


8 As far as we can ascertain, this type of calculus of variations problem, is 
new. It is worth noting that the technique can be applied to the integral of any 
function of the form F(f, f-1, f-2, +++ ). In the particular case I = fpYF(f, f-1) dt 
the conditions corresponding to (11a) and (11b) are as follows: 


oF 

— = 0, in the range (N — 1, N), 

of 

oF = (=) = 0, in the range (0, N — 1). 
of Of-1 oak 
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(12b)  angy1 + (2a — c) + and_1 + amf_1+b—d=0, 
in the range (0, N — 1). 


It is worth while to obtain analytic solutions to the problem. The 
general solution can then be obtained by combining these analytic 
solutions so as both to satisfy the conditions (11a) and (12a), and to 
fit the constraints. 

The general solutions? of (11b) and (12b) may be obtained by solving 
the homogeneous equations obtained by omitting the constant terms, 
b—d, from those equations, and adding to those solutions the constant 
solution of (11b) and (12b). 

If we eliminate ¢ from the homogeneous equations corresponding to 
(11b) and (12b), we obtain a fourth-order difference equation involving 
f alone, namely, 


a’n?f,4 + 2an(2a — c)frs + (2a2n? + (2a — c)*fx2 
+ [a?n? + an(2a — c)|fi1 + (an? + a?m?)f = 0. 
Analytic solutions are found by putting f=y' which leads to the fol- 
lowing equation for y: 
any? + (2a — c)y + a(n + m) = 0, 
_ — (2a — ec) + Va — c)? — 4a*n(n + m) 


14 fe: nance cee eee REE eins 
(14) y om 


(13) 





This will, in general, yield four solutions for y, whose characteristics 
are as follows: 
(a) Where (m+n) occurs in the discriminant: we have two solutions, 
y: and yz, such that yi:<0, y2<0; and |y:|>1, |ye| <1. The corres- 
ponding solutions to (13) will therefore be expocyclic, of the form: 
_— t (2r+1) rit 
Yi | y:‘| Z reGLE.:, 0 
yo! =| ya'| e@rtl) rit, 
with y,' explosive and y2‘ damped. 
(b) Where (n—™m) occurs in the discriminant: 
(1) Where n>m: This case is analogous to (a), and we have, 
ys =| ys*| e(2rtl) rit, 


a | Sel Sy eee 
ys! =| ys'| e(2rtl) rit, pee oe we 


with ys; explosive and y,¢ damped. 


® It is worth noting that up to this stage of the analysis there has been no need 
for the special assumption that the two producers are identical. But to carry 
the analysis further in the most general case involved considerable algebraic 
difficulties. However, it is readily seen that the analysis that follows may be 
very easily adapted to allow different coefficients of the linear terms, in the cost 
function for each competitor. 
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(2) Where n<m: We have 0<y<1 so that y4' will be a “damped” 
real exponential function. 

If we eliminate f from the homogeneous equations, we obtain a 
fourth-order difference equation in ¢ identical with (13), yielding four 
solutions, identical with those for f. 

It is clear that the expocyclic solutions are all of period 2, multiplied, 
except r=0, by periodic functions of period 1. That implies that the 
undertone and the overtones’® corresponding to any solution of (14) 
are not “periodically independent.” By selecting a member of each 
set of solutions, we obtain four periodically independent solutions 
which are sufficient to represent the complete solution of (13). Ob- 
viously, it is most convenient to select the undertones. Thus 


fa = ayst + Byst + vyst + Syst, 


and analogously 

ou aS ays! + B’ yt + v’ys* + 5’y4', 
where the coefficients a, a’, 8, B’, etc., are arbitrary (complex) periodic 
functions of period 1. But these solutions must satisfy the homogeneous 


equations simultaneously. For this to be so, it will be necessary and 
sufficient that 


a=-a’, Y¥=7; 

p=u—p, 3=3’. 
We must next consider the constant solutions of (11b) and (12b). 
These are equal to each other, and denoting their value by K we have 


b—d 
K = — ———_ K>0. 
an + 38a—c 
The general solutions of (11a) and (12a) are, therefore: 
(15) f = ayst + Byot + vyst + dys' + K, 
(16) d = — ays! — Bys' + yys' + dys + K. 


The next step is to determine the necessary and sufficient condition 
for (15) and (16) to satisfy the terminal conditions (1la) and (12a). 
By direct substitution, and applying (14), we can easily establish the 
following conditions for the range (VN —1, NV): 


By2'*} 
a: aie 


10 Cf. James and Belz, op. cit., p. 330. 

11 We define periodic independence as the analogue of linear independence. 
Thus the f, are said to be periodically independent if }-,a,f,=0 when and only 
when all the a,=0, the a, being periodic functions of period 1. 





(17) a= 
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K+446 t+1 
(18) y= -——— 
Ys 


In order to complete the solution to our problem, it now remains to 
determine the values of the coefficients which will make the general 
solutions, subject to (17) and (18), fit the constraints over the range 
(—1, 0). Let the values of f and ¢ in that interval be fy and ¢» respec- 
tively. Substituting 7 for ¢in the range (—1, 0), we must then have; 


(19) ays” + Bye + vys’ + bys” + K = fo, 
(20) — ayi™ — Byo? + yys’ + dys’ + K = oo. 


By making the substitution 7+N+1=1#, (17) and (18) can be ex- 
pressed in terms of r. Thus: 





B T+N+1 
(21) jt 2 
grrtt 
i -+ Syst tNt1 
a jake saa 


Equations (19)—(22) can now be solved and we have 





fo — $0 
—— yi N+1 : 
aw[i-(F) | 
Y2 
is = —= N+1 : 
Y2 
aw[i-(F) | 
Yi 
1 
fo + ¢0 + 2K( oo 1) 
Y ooo, 


N+1 
Y4 


1 
fo t+ ¢ot+ 2x — a 1) 


N+1 
»fi-@)"] 
¥3 


Conclusions can now be drawn as to the behavior of f and ¢: 
(1) f and ¢ will be real if the constraints are real. This is evident from 
the fact that y:%t!, y:"+!, etc., are real, since N+1 is an integer, and, 
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also the function y‘/y’ which occurs in every expocyclic member of the 
solutions is also real, since t—7 is an integer. 

(2) f and ¢ will be cyclical, with discontinuities at the end of each 
time interval. These discontinuities will arise firstly from the modified 
reproduction of the constraints in each time interval and secondly from 
the behavior of the sign of y‘/y’. Since t—7 is an integer, we have 
y'/y*=|y'/y"| cos  (t—r), which will be negative where t—r is odd 
and positive where t—7 is even. This will give rise to successive dis- 
placements f and ¢ above and below K. We may adopt the conven- 
tion that these cycles may be termed of period 2. 

(3) Since y:‘ and ys3‘ are explosive, and y2' and y,¢ damped, as N> &, 
a and y—0, while 8 and 6 remain finite. N— implies that the com- 
petitors are subject to no time restriction in adapting themselves to the 
situation created by the constraints, and hence is of great economic 
importance. In this case it is clear that as {> ©, ye‘ and y,', the only 
expocyclic or exponential solutions remaining in the solution, will 
approach zero, so that the limiting value of both f and ¢ is K. 

(4) For total output we have 


f+ ¢= 2(vys' + dys + K), 
and, ceteris paribus, the amplitude of the cycles will depend on 
| fo + do — 2K|. 


(5) Since f—¢=2(ay;'+Ay2'), the amplitude of f2 the amplitude 
of ¢, according as f24, assuming fy and ¢o do not intersect. And, if 
| fo — $o| is sufficiently great, the cycles will be of different phase. 

(6) By considering (14), it can be seen that the smaller n is, the more 
rapidly will the cycles become damped. 

(7) Where n—0, the value of K approaches the Cournot solution to 
the static problem. It is also evident that this is the greatest value that 
K can have. 

(8) Where n—1, the value of K approaches its smallest possible value, 
namely, the output that would be produced by each competitor if the 
two acted jointly as a single monopolist. 

(9) Where m=n, it can be shown that f=@ in the range (0, N), 
while in the range (—1, 0), they are, of course, equal to their respective 
constraints. In this case any pair of constraints whose sum is identical 
will yield the same common solution for f and ¢.2"8 





12 Tn all other cases, for the solutions to be equal, the constraints must be iden- 
tical. 

18 The case where the discriminant of (14) is zero requires treatment of double 
roots, but as this case has no special economic significance, it will not be con- 
sidered here. 
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Our last task is to show that condition (b) is satisfied and that our 
solution is, in fact, a maximum. It is required to show that 
Om 


— <0 for o1 ~ 0, ow. = 0. 
01 


Subject to (9), and for w.=0, (8) becomes 
Om 


dan 


(23) = wi J [(2a — c)y? + 2anpy_s |dt. 


Now 
QW <v? + pr’, 


f yb < f “w + p)dt < f ordt, 


since for the range (0,1), as we have seen, ¥y_1.=0. But 2a—c and 2an 
are both negative and |2a—c| >|2an|. Hence the integrand of (23) is 
always negative. Similarly 
OT 
— <0, for w.+4+0,m = 0. 
Ow. 
III 


Case (2). We proceed in exactly the same way as in case (1), now 
regarding p,* and p2* as depending on the values of ¢* and f* given by 
(2a) and (2b). We can then write an equation analogous to (8), namely: 


Om * ss a 
os) Gen J, (ea- OG + wit) + 0G + 0-1) 
+ a(ga’ + o61’) + b — d]ydt. 
Hence for condition (a) we have 
am N ait ns m 
(25) (=)... - J [(2a — ¢)f + ad. + apa’ +b — dlpui. 


001 


Since y is arbitrary we must therefore have 


(26) (2a — c)f + ads + aga’ +b-—d=0. 
Proceeding similarly in respect of 72 we have, analogous to (26), 
(27) (2a —c)6 + afitafa'’ +b—d=0. 


(26) and (27) are mixed difference and differential equations. Their 
solution is closely analogous to the solution for negative values of ¢ of 
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the equation solved by Frisch and Holme" and James and Belz." It 
can be inferred from the argument of James and Belz that, for negative 
values of ¢, the infinite sum of characteristic functions which approxi- 
mates the constraint will not in general converge. Rather than attempt- 
ing to find particular convergent solutions by James and Belz’s method, 
it is simpler to proceed by the method of successive differentiation." 

Let the constraints be denoted by fo and ¢» and let f and ¢ at cor- 
responding points in the ranges (0, 1), (1, 2), - - - be denoted by fi, ¢1; 
fe, $23 ++ - . Let a/(2a—c) =d and (b—d)/a=g. Applying (26) and (27): 


fi = — fo + fo’ +9), 


gi = — Ago + do’ + 9), 
So = Mfo + 2fo’ + fo’) + 9(—A+), 
gz = (0 + 2ho’ + go’) + 9(— A+ A), 
(28) fo = (— "(1 + Dif +9 DL (-d)", 
tal 
(29) on = (—d)™(1 + D)"bo +9 DE (— ar)”. 
r=l 
These solutions will in general be discontinuous att=1,2,---,n,---, 


such that f(n—0) ]f(n+0) and ¢(n—0) 2¢(n+0), according as n is 
odd or even, which gives the solution a roughly cyclic character. 

Let us first investigate the behavior of f, and ¢,as n>». Asn—>~, 
the constant term in (26) and (27) will become 
(30) : se sexi 

1+, a 

Consider next the coefficient of the mth term in the expansion of the 
binomial term of (28) and (29). This will be in absolute value: 





An! A"n™ 
(m — n)!m! m! 


Since 0<A<1, for a given m, \*n"—0 as n> &. 

Hence we may conclude that, if the constraints have a finite number 
of nonvanishing derivatives (i.e., they are polynomials), the values of 
f, and ¢, will approach the constant K, as n—, K as before, being the 
Cournot solution to the static problem. Further, it must be noted 
that convergence to the limit K as n> does not imply that | K —{| is 
monotonically decreasing throughout the whole range (0, 7). 


4 Op. cit. 
15 Op. cit. 
16 James and Belz, op. cit., p. 327. 
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From the economic point of view, it would be surprising if a less 
ambiguous result than the above were achieved, for in many cases it is 
absurd to suppose that one competitor will assume that his rival will 
continue to increase output at his present rate of increase. If the con- 
straints are linear, it can easily be seen from (28) and (29) that f and ¢ 
converge monotonically throughout any range and further a close ap- 
proximation to linearity in the constraints will ensure fluctuations of 
decreasing amplitude over a finite period. It may well be argued that 
these are the only cases where our economic assumptions are justified. 

Lastly we must show that condition (b) is satisfied, and that our 
solutions are, in fact, maxima. Subject to (25) and for w.=0, (24) 


becomes 
Om N 
(=) = of (2a — c)¥*dt < 0, 
Ou wo—0 0 


since 2a — c < 0. Similarly 


(a) 
— < 0. 
Owe @\=0 


CONCLUSION 


This paper describes the path by which competitors adapt them- 
selves to new situations. If they are in equilibrium, and then demand or 
cost conditions change throughout any range ending at ¢=0 and after- 
wards remain stable, our analysis will describe the process of adapta- 
tion to the new conditions; or, alternatively, it will describe the process 
of adaptation to a change in the methods of estimation of his rival’s 
output by one or both competitors. 

The importance of the cycles, to which the problems we have solved 
give rise, depends, of course, on the length of the lag period. This may 
be too short for the cycles to be of much significance, at any rate in ex- 
plaining the business cycle. We prefer to stress the tendency towards 
equilibrium,!” which our solutions reveal, as the important point. It 
seems that the discontinuities are essential. It is reasonable to suppose 
that there will be a discontinuous break at ¢=0, which is the point at 
which the confusing period of change ends and the process of adapta- 
tion begins. This initial discontinuity will be projected into the future 
with diminishing force as adaptation continues. The assumption, im- 
plicit in our analysis, of a sharp break between change and adaptation 
is, of course, never exactly fulfilled in actual life. 

University of Michigan 


17 Of numerous numerical experiments we have made, it is worth mentioning 
that, where n =0, the Cournot solution is closely approximated after about three 
cycles, for any figures that appear in any way plausible. 





THE APPROXIMATE DETERMINATION OF INDIFFERENCE 
SURFACES BY MEANS OF ENGEL CURVES* 


By A. WaLp 


LET US BEGIN BY a brief representation of the most important nota- 
tions. A set of goods g=(q', - - - , g”) consisting of g! units of the good 
no. 1,---, q" units of the good no. n can be represented by a point q 
in the n-dimensional Euclidean space with the co-ordinates g', - - - , g”. 
Each individual has a scale of preferences in this space of goods, that 
is to say, each individual can say of any two points of the space of 
goods whether he prefers one to the other, or whether they will be in- 
different to him. The scale of preferences can be described by a real 
function I(q) which associates with every set of goods g a real value 
I(q) such that I(q)=I(@) if q and @ are two indifferent sets of goods 
and I(q) >I(g) if q is preferred to g. Such a function is called an indica- 
tor. 

Many indicators exist for a given scale of preferences. If I(q) is an 
indicator then every monotonically increasing function F(Z) of J is also 
an indicator. The set of points g for which the indicator J(q) has a 
constant value is called an indifference surface. It is obvious that the 
indifference surfaces do not depend on the choice of the indicator and 
they are uniquely determined by the scale of preferences. 

It is of great practical and theoretical importance to know the shape 
of the indifference surfaces. If we know the indifference surfaces we are 
able to solve many problems. We can determine the demand curves for 
consumers’ goods at any price and income, we can calculate the index 
of cost of living, and so on. The difficulty in determining the indiffer- 
ence surfaces arises from the fact that the indifference surfaces cannot 
be directly observed, except in the case when we make use of the inter- 
view method. But the interview method has many disadvantages and 
it should be avoided. 

We prefer to determine the indifference surfaces by means of observ- 
able data, which we have at our disposal. Such observable data are: 
income, market prices, quantities purchased (consumed). The observa- 
ble data do not suffice for an exact determination of the indifference 
surfaces, but approximate determination of them is often possible. The 
indicator can in many cases be well approximated by a polynomial of 
the second degree, at least in the small region of the quantity space in 


* Paper presented at Colorado Springs, July 12, 1988, before the Cowles Com- 
mission Fourth Annual Research Conference on Economics and Statistics. This 
problem in the special case of two goods has been considered also by Dr. J. 
Marschak, who presented his results before the Stresa meeting of the Econo- 
metric Society in 1934. 
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which we are interested. In most practical cases we do not wish to 
know the whole of each indifference surface; it suffices to know the part 
contained in a certain small region T of the quantity space. Then the 
assumption is in general justified, that in the region 7 the indifference 
surfaces can be well described by a polynomial of the second degree. 
In exceptional cases where we are interested in knowing the indifference 
surfaces in a region 7’, in which the indicator cannot be approximated 
by a polynomial of the second degree, we shall generally be able to di- 
vide the region T in two (or more) regions T; and T2, such that in each 
region 7'; and T2 considered separately the approximation by a poly- 
nomial of the second degree can be assumed. Therefore we shall make 
the assumption that the indicator can be approximated by a polyno- 
mial of the second degree. Throughout the developments which follow, 
reference to the region 7’ of the quantity space, in which the above 
assumption is justified, is always implied. 

We understand here by income the total expenditure for consumers’ 
goods. Therefore the income is not an independent datum; it is cal- 
culable from prices and quantities purchased. If we denote the quanti- 
ties purchased by an individual in the time period ¢ by q', - - - , g" and 
the prices in the same period by p!, - - - , p”, then the income E£ of this 
individual in the period ¢ is equal to )\pigi. For a given scale of prefer- 
ences the quantities purchased are in general uniquely determined by 





income and prices. If I(q) denotes an indicator, p', - - - , p” the prices, 
and £ the income, then the quantities purchased, gq’, - - - , g”, satisfy 
the equations: 
fe Z 5 al 
eaten p = os ese ss n 
(1) dq! dq? P dq” Pp : 
Li pig' = E. 


These equations express the fact that among all sets of goods which 
can be purchased with the amount £, the individual chooses the set for 
which the indicator I(q) has the greatest value. 

Solving the equations (1) we get the quantities purchased as func- 
tions of prices and income. If we consider a single time period with con- 
stant prices, then the quantities purchased will depend only on the in- 
come £, that is to say, 


(2) cere. .— -P°e3 a4 4 p  e OG. 


These equations represent a curve in the n-dimensional quantity space, 
which is called an Engel curve. To each system of prices belongs a cer- 
tain Engel curve. 

The Engel curves can be determined empirically in each time period 
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by observing the consumption of individuals belonging to different in- 
come classes. The determination of the Engel curves in this way is 
correct only if we can suppose that the individuals considered have the 
same scale of preferences. This condition, of course, can only be ful- 
filled approximately. 


I, THE CONDITIONS OF INTEGRABILITY AND THE CALCULATION 
OF THE INDICATOR I(q) 


Let us consider the Engel curves Ci, - - - , C;, belonging to the time 
periods hi, - - - , t, or, more generally, to the different price situations 
nos. 1, 2,-- +, &. Denote the market prices of the various goods in the 
time period ¢; ({=1, 2,---, k) by i, pi, - +--+, py. On account of our 
assumption that the indifference surfaces can be described by an in- 
dicator of the second degree, the Engel curves must be linear and each 
Engel curve C; ((=1,---, k) is therefore determined by two of its 
points, say 

G= (G,-°°-,d:) and %=G@,---,H)), G@=1,---,B). 
For the sake of simplification, it is advantageous to introduce the fol- 
lowing notation: Denote g; by qe:-2 and 9; by gai-1. For the system of 
prices ~;= (pi, --- , 7) we shall simultaneously use the symbols po;-» 
and p2;1. There can be no confusion in using two different notations 
for the same system of prices ;. In fact if 7 and j are two different in- 


tegers, then we have for p; the symbols po;-2 and p2i-1, and for p; the 
symbols p2;-2 and p2;_1. Since 7+] the following inequalities, 


2-24 24j—2,%-2¥%—1,2%-142j—2, 2-142 —-1, 


hold true. Hence p; and ; will always have different notations. 

Let us consider the vector v;= oq; with the initial point go and termi- 
nal point q; ((=1, 2,---,2k—1). The index 7 of q; takes the values 
1,2,---,2k—1, because, fori7=1, --- ,k, we denoted g;=by qoi-2 and 
Gi by g2:-1. We shall prove the following: 


TueorEM I. If there exists an indicator I(q) which is a polynomial of 
the second degree in q over the (2k—1)-dimensional linear space deter- 
mined by the vectors v1,-++-, Vox. associated with the Engel curves 
Ci,--+, Ci, then this indicator is uniquely determined! in S by the said 
Engel curves, apart from an arbitrary proportionality factor and an arbi- 
trary additive constant. 


Let us denote the components of the vector v; by vj, 0%, °° +» Uf 


1 In the developments which follow, we shall use the expression “‘uniquely de- 
termined” also for functions which are determined with the exception of a pro- 
portionality factor and an additive constant, 
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Hence vj =qi—@ (j=1, 2, -- - , n). For each point q of the linear space 
S around go determined by the vectors 1, - - - , v2.1, the vector v=qoq 
with the initial point go and terminal point qg can be represented as a 
vector sum Ayi+Agve+ - - + +Asx—1Wex-1, Where Ai, - ~~ , Acx—1 are real 
numbers. The numbers Au, - - - , Aez—1 we call the vector co-ordinates of 
the point qg. If the vectors 1, - - - , v2,-1 are linearly independent, then 
the vector co-ordinates of a point q of the linear space S are uniquely 
determined. If the vectors 1, - - + , vo,-1 are linearly dependent, then 
for each given point q of S there exist an infinite number of systems of 
values Au, -- +, Ae—1 Such that Aywit+ - - > +AcK1221=v=qog. But to 
each given system \i,---, Aex1 Of vector co-ordinates belongs in 
any case only a single point g, namely the termina! point of the vector 
Ait «+ + + AgK—1Wex-1. 

Denote the marginal utility of money at the point q; under the sys- 
tem of prices p; by w; (¢=0, 1, - - - , 2k—1). Hence 


ol(qi) / 1 O1(qi) / 
UW; = = 








agi Pi ay’ Pi 

The indicator I(qg) can be represented in S by a function 
f(\1, +++, Agx-1) of the vector co-ordinates \1,---, Acta, that is, 
f(y, «++, Axes) is equal to J(q), where gq is the terminal point of the 
vector Aw: - + + + AoK—1V2K-1. 

The derivatives of the indicator I(q) at the points qo, q1, °° * 5 Qer—1 
in the direction of the vector v; are given by the following expressions: 


ol of(0, 0,---,0 a 
(qo) oe if ( ) = wolpow; +--+ + pers), 





On; On; 
a1 (q1) af(, 0, G,«: -, 0) ‘4 nn 
SSS 5 —_ = opi t+ $v 
(3) aA; an, (Pr P12), 


Ol (qee-+1) oaf(0,0,---, 0,1) a oi 
= = Ess. = Wena (Dak; +--+ + pa-i;). 





On; On; 
The function f (Au, - - - , Aex-1) is also a polynomial of the second de- 
gree, like I(q), and therefore the partial derivatives of f (Au, - - - , Nex.) 
with respect to Ai,--~-, Acca are linear functions of Ai, - ~:~, Acx-1. 


Hence we get easily from (8). 


of(m Faia Nex—1) be rr = rr ev 
re = Wo Z, poi + >, (wip: —- WoPo) ere 
i r=1 r=] 
(4) 


n 
- Tr ? <2 
+ Ages >, (wee-1por1¥i — WoPori). 


r=] 
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If we denote >.”_,p’dv7 by p;,;, we get 
Of(M1, + + +» Nex-1) 





= Wopo,i + Ar(wipi,s — Wopo,i) °°: 


(5) On; 
+ Aek—1(Wer—1p2%-1,i — Wopo,i)- 
Hence 
O°f(M, - + + y Nek—-1) @G@=1,---,2k—1), 
(6) a a Re ee ee OR io. 
OXOA; Gj = 1; nema 2k ==: iD): 
Since 
o°f o°f 








= ? 
AAA;  OAjOAz 
we get the equations 


sf @=1,---,2k—1) 
(7) Wipi,g — Wopo,j = WjPj,i — Wopo,iy ; : ; 


The value of p;,; is empirically known for each 7 and 7. It can be 
calculated by means of the market prices in the time period ¢; and of 
the quantities consumed in the periods ¢; and to. But the marginal utili- 
ties of money, Wo, Wi, - + , Wee-1, are unknown. We have to determine 
them by means of the equations (7). The equations (7) are homogene- 
ous in the unknown quantities wo, wi,---, Wera. If wi, +--+, wera 
is a solution, then for any real, value yw, the system of values 
MWe, MWi,- +, “Wex-1 is also a solution. Hence we can choose one 
of the quantities wo, Wi, -- + , Wer. arbitrarily. Let wo be equal to 1. 
By choosing wo equal to 1, we have merely fixed the value of the pro- 
portionality factor of the indicator J(q). For the determination of the 
2k—1 unknown quantities wi,---, Wex1+ we have at our disposal 
@*>') (combinations of 2k—1 things taken 2 at a time) equations. 
The case k=1 is not interesting; we shall consider only the case k=2. 
If k>2 we have more equations than unknown quantities. If our as- 
sumption that the indicator is a polynomial of the second degree were 
exactly true and if our observations were without error, then it would 
be possible to choose the quantities wi, - - - , We.-1 such that the equa- 
tions (7) are exactly fulfilled. But this is certainly not the case. There 
are many sources of errors. Not all individuals considered have exactly 
the same scale of preferences, the individuals do not choose exactly the 
set of goods for which the indicator has the greatest value, the goods 
compared in different periods are not exactly of the same quality, and 
so on. Different errors will arise even in the statistical determination 
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of prices and quantities. For all these reasons we cannot expect that the 
equations (7) can be fulfilled exactly. Let us denote wip;,;—wopo,; by 
a;,;. Then the equations (7) can be written as follows: 


(7*) i,j = j,i; 


that is to say, the determinant 


Q1,1) 2,1) c °° 5 GUe-1,1 

1,2, O22) * * * 5 Cgk-1,2 
A= 

1 ,2k—-1, O2,2k-1) * * * » Mok-1,2k-1 


must be symmetrical. Since we cannot expect that the determinant can 
be made exactly symmetrical by adequate choice of w;, - - - , Wex_1, we 
shall choose w, - - - , W2-1 such that the deviation from symmetry be- 
comes as small as possible. We can introduce as a measure of asym- 
metry of a determinant a;; the expression 


“EE ar «EE STAY 


We have to calculate the values wi, - - - , Wex-1 Wuich make 6 a mini- 
mum. But this calculation is in general too complicated. For practical 
purposes it will be sufficient to calculate wi, -- - , Wex1 from the first 
2k—1 equations of (7), namely from the equations: 





Wep2,1 — Po, = Wipi,2 — Po,2, 


W3P3,1 — Pol = Wipi,s — Po,3) 


(8) 
Wek—1P2k—-1,1 — Po,1 = Wipi,2k-1 — Po,2k-1, 
W3P3,2 — Po,2 = W2p2,3 — po,3- 
If our assumptions are approximately true then the values wi, - - - , Wea 


thus calculated should come near to the values which make 6 a mini- 
mum. 


Solving the first 2k—2 equations of (8) we get 


Wip1,i — Pod,i ° 
(9) ee, (j= 2. ++ = 2. 
Pi,l 


Substituting in the last equation of (8) for w. and w; their values from 
(9), we get 
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\ P0,1 — Po0,2 P0,1 — Po,3 
po0,2 “> P03 + Mas se ee oe 
i 3,1 
BRO a er eee ie aes 
P1,3 P1,2 
pia. 2s 
P3,1 P2,1 


The denominator on the right-hand side of (9) is equal to pia 
=> pi(q, —%). Since qi and qo lie on the same Engel curve, the expres- 
sion p;,1 will deviate considerably from zero, provided that we choose qi 
not very near to go. Hence the equation (9) can be well applied to 
the calculation of the marginal utilities of money, we, - ++, Wex-1, as 
functions of w;. Small errors in p;,; will not greatly change the values 
of w; (¢=2, -- + , 2k—1). But we cannot say the same about the equa- 
tion (10). The denominator on the right-hand side of (10) will often 
be near to zero and we cannot determine the value of w: with great 
accuracy. Small changes in the values of p;,; will perhaps change greatly 
the value of w;. The reason for this fact is the following: We know that 
every monotonically increasing function F(Z) of J is also an indicator. 
We get here a unique solution for the indicator because we consider 
that indicator which is a polynomial of the second degree. It is true 
that F(Z) is a second-degee polynomial only if F is linear, but F(J) 
can be well approximated in a small region by a polynomial of the 
second degree, even if F(Z) is not linear, for instance, if F(Z) =log I 
or =(JI)*. The polynomial of the second degree J* which approximates 
F (I), taken as an indicator, will describe a system of indifference sur- 
faces which will not be identical with that described by J, but they 
will not differ much. However, the’ value of w; can be quite different 
if we take J* instead of J as an indicator. The circumstance that w: 
cannot be determined with good accuracy does not mean any disad- 
vantage. A change in the value of w; means only that we get J* instead 
of J as an indicator, where J* is a polynomial of the second degree, 
which approximates a certain function F(Z) of I. The indifference 
surfaces themselves will be very little affected by it. 

The measure of asymmetry 6 can be calculated after having deter- 
mined wi, +--+ , We.-1. If we make assumptions about the nature of the 
errors, we can deduce statistical criteria when 6 can be regarded as 
significant. This question will not be discussed here. If 6 is not to be 
regarded as significant, we substitute for the matrix A a symmetrical 
one, substituting for the elements a;,;=wipi,j—po,; aNd a;,;= W3p;,i— Po,i 
their arithmetic mean &;,;=}(ai,;+<a;,:). 

Since according to (6) 

o’f o’f 
= aj; an = Qj,j) 


ddA; AA jOA: 
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the value @;,; is taken as the corrected common value of 


af arf 
nd . 
AAA; Ad jOX; 








Since according to (5) the constant term in df/d; is equal to po,i, we 
get the following formula for the indicator 


iJ 


k—1 


wo 


k 


9 
2 


Coe 


—1 


1 = 
— ; =. Qi,jhiAz + po,idi + C, 
2 i=1 j=1 t=1 


j= 


(11) f(y, +++, Aa) = 


where 1, Az, - - * » Aexe—1 are the vector co-ordinates of the point con- 
sidered, and C is a constant, which we can choose arbitrarily. 

The equation (11) gives us the indicator as a function of the vector 
co-ordinates Ai, -- - , Aex—1. Practically we want to have the indicator 
expressed as a function J(q’, - - - , g”) of the quantities q', - - - , q", that 
is to say, as a function of the Cartesian co-ordinates of the point q. 


The transformation of f(A1, - - - , Aex-1) into the form J (q', - - - , g”) can 
be made as follows: 


We consider the equations 


1 1 i 1 1 
AiOi + Agde + > + + + Avera = | — Qo; 

2 2 2 
(12) Adi + Age + + + + + Nog—1WoK-1 


2 2 
gq — {o,; 


Aoi + ete + - - - + ops = q - qo. 


Let us suppose that the rank of the matrix 


1 1 1 
U1, Ua, °° * 5 UaE-1 
2 2 2 
V1, V2, ae, Vor—1 
M = 
n n n 
M1, U2, °° * » Uor-1 


is equal to r. A, matrix: is said to be of rank r if it contains at least one 
r-rowed determinant which is not zero, while all determinants of order 
higher than r which the matrix may contain are zero. Certainly r<n 
and r<2k—1. Denote by ai, a2,---, a, bi, be, ---, b, integers such 
that the r-rowed determinant obtained by taking the a;th, - - - , a,th 
rows and b,th, - - - , b,th columns from M is not equal to zero. Such a 
determinant exists, because r is the rank of M by hypothesis. This 
means that the vectors v,, v»,, - - + , 0», are linearly independent, but 
all other vectors v; (¢bi, be, ---, b,) are linearly dependent on the 
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vectors v,, °°: , bs,. Hence the linear space S determined by the vec- 
tors v1, : - + , Yex—1 is identical with the linear space determined by the 
vectors V3,, °°: , Ye, Therefore we can put A;=0 for every 7 which is 
not equal to any of the numbers l, - - - , b,, and we have to consider 
only the r equations from (12): 


deo, + Aewvo, ore de,Vo, se q- ocak qo 
(13) da,0o, + AoVoq +o: + do,00, qd — qo» 


ay a, a, 
Noo, + AoW, + ° + > + As, = 


The determinant of these equations}by hypothesis is not zero. Hence 
we get Az, ° * - , As, as functions of g**, - - - , g*", that is to say, 


oy, = fi(q%, Re q”), 
Xx = a fia he ay 
(14) | bg fo(q ’ » ); 


fe = fi(q%, > ++, 9%). 


Substituting 0 for \ in the right-hand side of (11), if 7 is not equal to 
any of the numbers bi, ---, b,, and the expression f; (q*!,---, q*") 
for A»,, we get the indicator as a function of the quantities q*1, - - - , q*", 
that is to say, 


I(q) = ¢(q%, ++ -, q%). 


It may look strange at first sight that the indicator is represented as 
a function of the quantities of the goods G, - - - , G*" and seems to be 
independent of the quantities of the other goods. But if we keep in 
mind that this representation of the indicator holds true only in the 
linear space S determined by the vectors vz,, - - - , Vs,, We See immediately 
that I(q) is in reality also a function of the other goods. In fact, a set 
of goods g=(q', - - - , g") which lies in S is uniquely determined by its 
co-ordinates g*!,---, g*. If q lies in S, then for each integer in 
and #a,-:--,4,, qg‘ is a certain linear function of g*!, - - - , g** which 
can be calculated from the equations (12). Let us denote this function by 
¥i(q™, ---,qg°%) (4a, ---,a,). If I(q', - - - ,q") is the indicator in the 
whole quantity space, we get our indicator J(q*', - - - , ¢g*") by substitut- 
inginI(q!, -- -,q") for gq‘ (¢#m, - - -,a,) the expression y;(q*!, - - -,q*"). 

If the rank of the matrix M is equal to n, then the set of integers 
a, Q2,- ++, a, is equal to the set 1, 2, --- , n and we get the indicator 
in the whole quantity space expressed as a function of g',---, q”. 
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If we substitute in (7) for w; (¢=2, 3,---, 2k—1) the right-hand 
side of (9) we get 


Wip1,i — poi + por W1p1,i — pPo,j + po, 


se SS ee ee. ee 
(15) Pia Pia 


(@§ = 2,---,2k—1),G =2,---,2k—1). 


In these equations w is the single unknown quantity. If we substitute 
in (15) for wi, its expression from (10), we get relations between the 
values p;,;. We shall call the relations (15) conditions of integrability. 

In case k=2, that is to say, if we consider only 2 time periods t; 
and #, and the corresponding two Engel curves C; and C2, then we have 
no conditions of integrability. In fact, the equations (15) will be re- 
duced in this case to a single equation, namely to the equaticn in which 
7=2 and j=3 (the equation in which 7=3 and j=2 is identival with 
this). This single equation suffices only to determine the value w; and 
therefore we have no conditions of integrability. 

Let us illustrate the calculation of the indicator by a numerical ex- 
ample. We consider 3 consumers’ goods, nos. 1, 2, and 3, and two time 
periods, 1, fa. The prices in the two time periods are given as follows: 


B=1, f=1, f=1, fh =4, b= 1, hb =3. 
The Engel curve C1 is given by the equations: 
gq = 3h, ¢ = 3h, @ = 3h; 
and the Engel curve C2 by the equations: 
q = 32 +1, @ = 3h: — 3, & = thr, 


where FE; denotes the income in the period 1 and E, the income in the 
period 2. 

We have to choose on each Engel curve two points. We choose on Ci 
the points go and q corresponding to the incomes 0 and 3, and on C2 


the points g2 and g3 corresponding to the incomes 3 and 6. Hence we 
have: 


qe = (0, 0, 0), = (1, A, 1), 
q2 = (2, 0.5, 0.5), Ga — (3, 1.5 2), 
r= A ar (1, 1, 1), Po A ae ad, 1, 1), 


B= pe = (0.5, i, 3), Pe Pe = (0.5, 1, 3). 


Now we have to calculate the values p;,;. Since p;,; is equal to >>” ,pj0; 
=Dr-1Pi(gj— 95), we get 
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por = 3, poe = 3, pos = 5.5, 





(16) pi = 3, p12 = 3, p13 = 5.5, 
p21 = 4.5, p22 = 3, p2,3 = 6, 


 * 4.5, 










p32 = 3, pss = 6. 





Substituting in (10) for p;,; the numerical values from above, we get 
3-3 3 — 5.5 


Coa ee te 
aed 4.5 





2.5. 





Hence from (9) we get 


(2.5)3 —3+3 5 
oe SSS ee 


4.5 3 

























_ (2.5)5.5 — 5.5 +3 
a 4.5 


W3 = 2.5. 





Since we have considered only two time periods, we have no conditions 
of integrability and, if we substitute for w:, we, w3 their calculated nu- 
merical values, a;,; becomes equal to a;,:, where ai;=W.pi,j—po,;- 
In order to determine the indicator we have first to calculate the 

values ai,;. 

21,1 = Wipi,. — po = (2.5)8 — 3 = 4.5, 

1,2 = Wipi,, — por = (2.5)3 —-3= 4.5, 
= Wipi,3 — po3 = (2.5)5.5 —§.5= 8.25, 


2,2 = Wep22 — poe = (§)3 — 3 = 2, 


& 
| 





(17) 


Q2,3 = Wepe,s — pos = ($)6 — 5.5 = 4.5, 
03,3 = Wsaps,s — pos = (2.5)6 — 5.5 = 9.5. 
According to (11) we get 
(My, ays) = DE DE as, didy + DE po, adi 
(18) = 2.250; + de + 4.75X5 + 4.5dde + 8.251%5 
+ £ Dias + 8 + OG FOG 


where f(A1, A2, As) is the indicator and \i, Ae, A3 are the vector co-ordi- 
nates with respect to the system of vectors 11=Q091, v2=Qog2, and 
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Vs=Qog3. If we want to express the indicator as a function of q', q?, 
and q*, we have to solve the equations (12). Since the initial point of 
the vector v; (¢=1, 2, 3) is go and the terminal point q; ({=1, 2, 3), we 
get 


y= fr y= i y= i 
2 3 

=< Seter oe 1 

vg = 2, v2 = 2) v2 2) 
2 3 

v3 = 9, v3 = Es; 3 = E 


and the equations (12) become 


1 1 1 
M+ 2h2+3\3 =¢q —Q=4; 
2 2 2 
Ar + 0.5r2 + 1.5A3 = g —-@d = 4d; 
3 é 
M+05e+%=¢ —G=G- 


Since the determinant of these equations is not equal to zero, the values 
Ai, Ae, As can be calculated. We get: 


m= — 3g — 30° + 29°, 
de = 3q' — $9" + 29%, 
As = 2q? — 29%. 


If we substitute in (18) for \u, Ae, As the right-hand sides of the above 
equations, we get the indicator as a function of q', q’, q’. 

Remark: The fulfilment of the integrability conditions (15) means 
that there exists one and only one indicator J(q) (with exception of a 
proportionality factor and an additive constant) such that along the 





given Engel curves Ci, - - - , C; the necessary conditions for equilibrium 
position are fulfilled, that is to say that the equations 
al , J 2 ol / ‘i G=1,2 k) 
chaste ;= feces eS i i= ae tm 
pal Gal? aah pan 


hold true. But the fulfilment of the integrability conditions (15) does 
not imply the fulfilment of the sufficient condition of equilibrium, 
namely that the second differential of I(q), subject to )-p'q’=E, is a 
negative definite quadratic form. It can happen that although the con- 
ditions (15) are fulfilled, we get an indicator of which the second differ- 
erential, subject to > .p’q’ = E, is an indefinite quadratic form and there- 
fore the given Engel curves cannot be described by an indicator, just 
as if the integrability conditions (15) were not fulfilled. Therefore it is 
important to know whether for the indicator given by formula (11) the 
sufficient conditions of equilibrium along the Engel curves are fulfilled. 
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In order to see whether the sufficient conditions of equilibrium along 
the Engel curves C; are satisfied, we shall calculate the second differ- 
ential of I(q), subject to > vid = Ei, where p; denotes the system of 
prices in the period 7. It is more convenient to express the second differ- 
ential in terms of the vector co-ordinates i, - - - , Aex-1. Therefore we 
have to express the condition > \p/q’ = E; in terms of the vector co-ordi- 
nates Ai, - - - , Ae.—1. It is obvious that for each point g=(q!, - - - , g") of 
the linear space S determined by the vectors 11, - - - , Yex_1 the equation 


23 Did = 2, Pio + piads Foe + HE psex—tdor-1 ) 


holds true, where \x,--~-, Ag-1 denote the vector co-ordinates of 
q=(q', sin sa). 
Hence we have to consider the condition 


2k—1 \ 


(19) 5 pi,y\y = constant. | 
v=1 

If pix-1~0, we can write (19) as follows: 

Piatt + ++ + + pijox—eden-2 


Pi ,2k-1 


(20) Aoxe—1 = constant — 


If f(A, - - +, Aex-1) denotes the indicator and f“ (Ai, - ++, ens) the 
function which we get by substituting in f(Au, - - - , Aex—1) for Aex-1, the 
expression on the right-hand side of (20), then it can be easily shown 
that 


ie a ae 
OX,OA, Or, OryOAzk-1 Pizk-1  OAyOAek-1 Pi, 2-1 
0° Pi,pPi,v 


ON 





(21) 





(pi,2x-1)? 





According to (6) and (7)? 


o°f 
dd,OA, 











= Ayp = Ay,v = WyuPy,y — Po,» 


Hence we can write (21) in the following form: 





2 We suppose here that the integrability conditions (15) are fulfilled. If (15) 
does not hold true, then even the necessary conditions of equilibrium are not ful- 
filled and therefore the investigation of the second differential has no sense. 
























DETERMINATION OF INDIFFERENCE SURFACES 157 

















opti) 
a f (i) Pip Pi,v 
= Qu,» = Ayr — Qy2k-1 — Oy 2k-1 
Or,OA, Pi,2k-1 Pi,2k—-1 
(22) , 
Pi,Pi,v 
— Q2k—1,2k—1- 
(p:,2%-1)? 


Hence the second differential of f(A1, - - - , Aex-1), subject to (20), is the 
quadratic form 


(23) a” x a i. 


Since the indicator f(A1, - - - , Aex_1) is a polynomial of the second de- 
gree, the necessary and sufficient conditions that I(q), subject to 
> vid =E:;, has a maximum value at the point g=q',---, q" can be 
formulated as follows: 


@ 2 /si ed mM D 
oS _— ae ee eee Pi. 
a f gal? a 


(b) zz Did = E£,. 


(c) Q © is a negative definite or semi-definite quadratic form. 








If I(q) should not be a polynomial of the second degree, then only the 
condition that Q‘® [together with (a) and (b)] is negative definite 
would be sufficient, but not the condition that Q‘ is negative semi- 
definite. 

The quadratic form Q“ is negative definite (or semidefinite) only in 
the case that in the sequence 


(i) (7) 





1,1) " * * 5 Q1,2%—2 
(i) (i) (t) (i) 
(i) Qi, 1,2 2,1) - * * 5 Gf eb-9 
1,1 |, (i) Ce bas Fos ’ 
Q21, 2,9 rar as ed uals 
| (i) (7) 
Ql2k-2,1) ° * * » A2k—2,2k—2 





of the principal minors of | a®, 
all minors of odd order S zero. 
We can summarize our results in the following 


, all minors of even order are =0 and 


THEOREM II: We consider k time periods, ti, ---, ti, in each time 
period t;(i=1, - - - , k) being given the system of prices, pi= (pi, - - - 5 Pt), 
and a straight line C; of the n-dimensional quantity space. The necessary 
and sufficient conditions for the existence of an indicator of the second de- 
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gree, for which the straight lines, C1, - - - , Ci, become Engel curves in the 
periods ti,- ++, t, can be formulated as follows: 

(1) The integrability conditions (15) must be fulfilled. 

(2) The quadratic forms, Q, QQ, - + - , Q°*-», must be negative defi- 
nite or semidefinite. 

If the conditions (1) and (2) are fulfilled, there exists only one indicator 
of the second degree (with the exception of a proportionality factor and 
additive constant) in the linear space determined by Ci, - - - , Ci, for which 
Ci, -- +, Ci, become Engel curves. 


It should still be remarked that if the second differential of 
fOr, + + + , Aee-1) that is to say, if Q=)> ED 75 'a,, dr, dA, is a negative 
or semidefinite form, then all the quadratic forms, Q}, - - - , Q°*-», are 
also negative definite or semidefinite. 

In our numerical example given above, k is equal to 2. Hence we 
have to consider the quadratic forms Q™, Q®, Q®. From (22) and 
(23) follows immediately, that Q is identical with Q“. Hence we con- 
sider only Q® and Q®. From (16), (17), and (22) we get: 














2 
(1) P1,1 P1,1 
1,1 = 1,1 — 2— a3 + (=) a3,3 = — 1.6736, 
1,3 P1,3 
(1) 1,2 P1,1 P1,2/P1,1 
01,2 = 01,2 — —— 1,3 — — Q2,3 a3,3 = 0.3719, 
P1,3 P1,3 (p1,3)? 
2 
(1) Pi,2 Pi,2 
O22 = 2,2 — 2—ae23+ (=*) a3,3 = — 0.0827, 
P1,3 pr,3 
2 
(2) P2,1 P2,1 
11 = 1,1 — 2—ai3+ (=*) a3,3 = — 2.53125, 
P2,3 P2,3. 
(2) p2,2 p2,1 P2,2P2,1 
Qa = i. == as "aa ————— 5.3 = 0.5625 
P2,3 P2,3 (p2,3)? 
2 
(2) f2,2 P2,2 
O22 = 2,2 — 2—ae3+ (=) a3,3 = — 0.125. 
(2,3 p2,3 
We see that 
(1) (1) (2) (2) 
(1) O1,1, 1,2 (2) Q1,1, 1,2 
a1 < 0, (1) Qype 0, Qin 0, and (2) @Q)| = 0. 
Q1,2, 2,2 1,2, 2,2 





Hence Q“ is negative definite and Q® is negative semidefinite. Thus 
in this case the sufficient conditions for equilibrium are also fulfilled 
along the Engel curves Ci and C%. 
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Finally let us make some remarks about the values of the marginal 
utility of money, which we got in our numerical example. We put 
wo=1, and for wi, we, and ws we get the values 2.5, 5/3, 2.5, where 
Wo, W:1 denote the marginal utility of money in the period 1 at the in- 
comes 0 and 3, and we, w; denote the marginal utility of money in the 
period 2 at the incomes 3 and 6. We see that in both periods the margi- 
nal utility of money increases with increasing income. This does not 
mean any contradiction. It can easily be shown that for any system of 
indifference surfaces an indicator can be constructed such that the mar- 
ginal utility of money increases with increasing income. In fact, if I(q) 
is an indicator, then every monotonically increasing function F'(/) is 
also an indicator. The marginal utility of money corresponding to the 
indicator F(I) is F’(J) times the marginal utility of money correspond- 
ing to the indicator J(q), where F’(Z) can be equal to an arbitrary posi- 
tive function. If F’(J) increases rapidly enough with increasing J, then 
the marginal utility of money corresponding to the indicator F(J) will 
also increase with increasing J. 

Let us examine generally the question in what cases we shall get an 
increasing marginal utility of money with increasing income, when the 
indicator is a polynomial of the second degree in g. We consider the two 
points g; and 9:41 which we have chosen on the Engel curve C; (¢=2j—2). 
According to (9) we have: 


Wipi,i — po,i + por W1P1,i41 — P0,i4+1 + po 
(24) UW; Vie = = — . 


Pil Pi+1,1 





Since g; and gis: lie on the same Engel curve, we have p;= pix: and 
therefore p;,1=i41,1. On account of the fact that po=p1, we have also 
P1,i=po,i and pi,i41 = Po,i+1- Hence 


Wi(p1,s — pr,ita) H+ print — Pt,i 





Wi — Witt 
(24*) Pil 
1 — 





(p1,i41 — P1,i). 
Pil 
Let us make the assumption: 

(a) If gand @ are two points of the Engel curve C, (r=1, 2, --- , k) 
such that the value of (¢—@), calculated with the prices of the period r, 
is positive, then the value of (¢—q), calculated with the prices of any 
other periods s (s=1, 2, - - - , k), is also positive. This assumption will 
be fulfilled in most practical cases. 

It is obvious that pi,i41—p1,s=71(Gi41 Gi). On account of the as- 
sumption (a) the expression p: (qi+1—q;:) has the same sign as Ej41—Ei, 
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and pi, has the same sign as H,—EHo, where Eo, Fi, Ei, Ei+1 denote 
the incomes corresponding to the points qo, 41, Gi, di+1- Hence: 


1 
25 i i — Wis) = sign ——— (Ej — E,). 
(25) sign (w +1) as zy, +1 ) 


i- 


Now we shall show that the expression (1 —w1)/(Z1—£o) is positive 
if the marginal utility of money decreases in the period 1 with increas- 
ing income. In fact, if Hi— Ey) >0, then wi<wo=1, and therefore 1—w, 
is also positive. If E,—H)<0, then w;>wo=1, and therefore 1—w, is 
also negative. Hence the ratio (l1—w;)/(£i—£) is always positive. It 
can be shown analogously that (1—w)/(#i—£) is always negative if 
the marginal utility of money increases in the period 1 with increasing 
income. Hence we get from (25): sign (wi—wi41) is equal to sign 
(Ei4:—E;) if the marginal utility of money decreases in the period 1 
with increasing income, and sign (w;—wi41)=sign (#Hi—Ei4:1) if the 
marginal utility of money increases in the period 1 with increasing 
income. In other words: the marginal utility of money decreases (in- 
creases) in the period r (r=2, 3, - - - , k) with increasing income, if the 
marginal utility of money decreases (increases) in the period 1 with 
increasing income. 


II. THE INTEGRABILITY CONDITIONS AND THE INDICATOR FXPRESSED 
IN TERMS OF THE ENGEL CURVES 


Since the indicator I(g) is a polynomial of the second degree, 
the Engel curves must be linear. Let us represent the Engel curve C; 
(¢=1, 2, --- , k) of the period ¢; by the following equations: 


(26) q = o,E; + Bi, q. = af, + Bi, -++,q =a:E; + B%, 


where aj, 6} denote some constants and E; denotes the income in the 
period ¢;. The quantities aj, af, - «+ , af we shall call the slopes of the 
Engel curve C;. 

In Section I we have expressed the integrability conditions and the 
indicator by means of the 2k points qo, q1, + * » Q2x-1 chosen on the k 
Engel curves C;,---, Cy. But in fact neither the indicator nor the 
integrability conditions depend on the special choice of the points 
Go, 1) °° * » Yor-1. In this section we will give a representation of the 
indicator and of the integrability conditions in terms of the Engel 
curves, that is to say, in terms of the constants ai, 6}. 

We would be able to get the desired representation also by substi- 
tuting in the formulae of the previous section for the co-ordinates 
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> Gy ***, G% of the point q; their expressions from (26). But this 
would lead to complicated calculations, and we prefer to deduce the 
desired representation by other more simple considerations. 

Let us introduce the following notations: 


(27) Dd aipj = a:,; and >) Bi; = bi,5, 
r=] r=1 
where p;= (jj, - - - , B;) denotes the system of prices in the period t;. 
It is obvious that 
(28) ai 1 and bi = 0, (i = fi, 2, BOS Se k). 


For the sake of simplification we will assume that 
(29) a;,; ~ 0, G = | <\s -,k3j = hy, si -, k) and 1,221 #1. 


Such an assumption practically does not mean any restriction, because 
by arbitrary small changes in the empirical data the validity of the in- 
equalities (29) can be obtained. 

First we shall prove some propositions. 


1. The marginal utility of money is a linear function of the income 
along each Engel curve C; (t{=1, 2, - - - , k), when the indicator is a poly- 
nomial of the second degree. 


Along the Engel curve C; the following equations hold true: 





1 ol n 
; — w(E:)p; = --- =— — w(E,)p; = 0, 
0q oq” 
Le = E;. 
r=] 


where w;(#;) denotes the marginal utility of money in the period ¢;. 

Since J(q) is a polynomial of the second degree, dI/dq', - - - , dI/dq” 
are linear functions of q!, - - - , g”. Hence the above equations are linear 
in the unknown quantities q', g?, - - - , g", wi. Since the right-hand side 
of these equations are linear functions of E;, the solutions must also 
be linear functions of Z;. Hence proposition 1 is proved. 


2. The marginal utility of money w:(E;) along the Engel curve C; 
(¢=1, ---, k) ts not constant. 


First we shall show that w;(#;) is not constant. Let us denote two 
different points of C; by qo and q;, and two different points of C2 by qe 
and q3. Denote the incomes corresponding to qo, %, 92, 9s by E%, Ej, E32, 
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E’. We put w,(E%)=1.3 We have to show that uw, (Ej) #1. According 
to (10) we have 


Po0,1 — Po0,2 P0,1 — Po,3 
Meet - ee 


1 0 
Po — sei : P(g a qo) = EF, — FE, 


fos — Pi 2: Pr(Qe = qo) = a2, ,E2 + be = anE; = bia 
= O2,E2 + bea — Ei , 

pos = pis = ie Pilgs — Go) = a2: + bea — i, 

Pit Ps = =, Pol oa qo) = ay2(E; re E.), 


22> Res = 7: P2(Qe = qo) = EB; = ah2Ey — bi», 
P33 = oe Po(Qs a Go) = EB; = a12Ey = bi,2. 


If we substitute in the right-hand side of the above equation for pi,; 
their expressions given here, then we get: 


P2,3 








de 1(Eq—E2)-+ 


UW =- 


pang go, LP0,1\P2,3—~ P2,2 + p3,2P0,3 — P2,3P0,2 
ax o(E!— E’) [ 1( 3 3 ) | 


1 


pee are (ps,2p0,3— p2,3P0,2) 
a1,2(Ei— E’) 





2 3 1 0. 
iB y,202,1(Ee — FE) (Ey — FE) + po,1(pe,3 = p3,2) 4 1 
P3,2P0,3 — P2,3P0,2 
_ trata Ea Ea) (Ei EB) + (Ea E)(Bx— Bs) 
P3,2P0,3 — P2,3P0,2 
_ (@,202,1—1)(Ea— Hs) (Ei) bay 
P3,2P0,3 — P2,3P0,2 


Since qi¥qo and q2~qs, we have E;— E30 and Ej—E}+0. On ac- 
count of (29) we also have aj,2d2,1—10, hence w:#1. 
We have now to prove that w;(H;) is not constant for 7=2, 3,---,k. 





3 In one point of the quantity space we can choose arbitrarily the value of 
the marginal utility of money. In fact, by determining the value w:(E{) we 
have only determined the proportionality factor of the indicator. 
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Let us consider two different points q2:-2 and q2;_-1 of the Engel curve C; 
corresponding to the incomes E@-” and E~”. Substituting in (24*) 
21—2 for 7, we get: 


(2i—2) (24-1) 1-—- wm 
wi(E; ) = w(E; ) = (p1,24-1 aa f1,2i-2), 
P2i-2,1 





where 


1 0 1 0 
p2i-2,1 = } bil = qo) = a1,:E, + bis — a1,:E, ae bi: = a1,i(E; om Ff), 
ii = ss Pi(qai — Go) = aa * bia — E., 


(21-2) 


P1,2i-2 = Zz Pi (qei-2 — qo) = aE; + bia — E,. 


Substituting in the above equation for p,,, their expressions given here, 
we get 


oH) al oe a. 
a;,:(E; — E;) 

Since w.1, a:1:~0, and BE?» —B?- x0, the right-hand side of 
this equation is not equal to zero. Hence the proposition 2 is proved. 

From the propositions 1 and 2 we get easily 

3. In each time period t; ({=1, 2, - - - , k) there exists one and only one 
income E;, at which the marginal utility of money is equal to zero.4 

If we denote the point of C; corresponding to the income E# by 4; 
(¢=1, 2,---, k), then the following proposition can be proved: 


4, The linear space S* determined by the points q:, - - - , Qe, 18 an tso- 
value space relative to the price systems pi, - - - , px, that is to say, for any 
two points r=(r',---, r™) and s=(s!,---, 8") of S* the equation 


1 Bir" =>,2-1 bs" (j=1, 2, - - - , k) holds true. 


Since the marginal utility of money is equal to zero at the point ¢ 
(¢=1, 2,---,k), the marginal utility of each good must also be equal 
to zero. Hence the marginal utility of each good is equal to zero at 
every point of S*. From this fact follows, that the indicator I(q) is 
constant in S*. It can easily be shown that the indicator Z(q) must be 
constant also in every linear space S* parallel to S* and of the dimen- 
sion less than or equal to the dimension of S*.5 Let us consider a point 


4 EY will not lie, of course, in the region T of the quantity space, where the 
approximation of the indicator by a polynomial of the second degree is valid. 
But this fact does not alter our considerations. 

5 This can be proved as follows: Since dI(q)/dq!= - -- =aI(q)/dq"=0 for each 
point gq of S*, the linear terms in J(q) will disappear in every linear co-ordinate 
system whose origin lies in S*. Denote the new co-ordinates by u!,---, u*, 
where u!, - - - , uw" are certain linear functions of q', - - - , g"; then the indicator ex- 
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qi of the Engel curve C; where the marginal utility of money is positive. 
Denote by S* the linear space through q; which is parallel to S* and 
has the same dimension as S*. Since J(q) is constant in S* and the 
marginal utility of money is >0 in qi, the expression > "_, pi; (qj —s") 
must be equal to zero for each point s=(s!, - - - , s") of S*. Hence for 
any two points r and s of 5* the expression > *_, p7(r*—s“) =0, that is 
to say, S* is an isovalue space relative to the system of prices j;. Since 
S* is parallel to S*, S* must also be an isovalue space relative to p; 
(¢=1, 2,--+,k). Hence the proposition 4 is proved. 

We will now calculate the incomes H*,---, H*. On account of 


proposition 4 we have the following equations: 
* * (i = 2,---,k)? 
(30) Agee hee Gee ERE (jim 1,2, -- +5). 


For j=1 we get: 


a,E* + bi,1 E* = ai,H* + 5;.1. 


Hence 
E¥ — bia 








(31) E* = 


Qi 







From (30) and (31) we get: 


E* 
(32) Q,;E}* 4 bi; = a; 


The equations (32) are equivalent to the equations: 


E¥ — dia Ex — bia 
Ee + bi; = a;,,-—2-—— + );, = ————_ 
Gin Qi 


} = 2, PoNee ag k ’ 
(33) ¢ 
E¥ — bia 
a,;E* + b1,; = 0:3 ——_ + bi,3, 
Qi 
(@=2,---,k,j=2,---,k, tJ). 


pressed as a function of u!,---+, u* has the form: I(q) =) j-1)_i-19:,;u'ui +9, 
where g;,; and g denote certain constants. The quadratic form >, >-gs,;u*ui can be 
transformed in a sum of squares, that is to say, >. >_gs,ju'ué =[Li(m, +++, un) |? 
+-+++ +[L.(w, +++, wn) }%, where sSn and In,---, L, are linearly independ- 
ent linear forms. Since dJ/du!= --- =dI/du"=0 in every point of S*, and since 
Iy,:+:, DZ, are linearly independent, we have L;= --- =L,=0 at each point 
of S*, that is to say, S* is contained in the linear space given by the equations 
I, =L,= +--+ =L,=0. Hence a linear space § parallel to S* is contained in the 
linear space LZ given by the equations Zi=a1,---, L,=a, where a1,-+++, Gs 
denote certain constants. In the linear space L the indicator has the constant 
value aj+ +--+ +a?+g and therefore also in S. 
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From the first equation of (33) we get 
i1b1,5 + bi, 

(34) Ot ce eee, 
1 — 41,05, 


Hence on account of (31) we have 


Ee 1 (ae + bin 5 ) 1 (fe + tet) 
f= fp — |] = 


Qi 1— Q1,:5,1 Qi 1— Q1,i05,1 





(35) ee 
‘ Q1,i93, q 
4a" (i =2,---,kh). 
Ll — 01,0: 
If we calculate H* from the second equation of (33) we get 


;,;0:,1 Qi 





b3,; ae bi; _ (b;,; — bi,;) = bia 
Qin Qi,j 


(36) E* = ———______—__ = 


1 
1,3 — — (4;,101,; — 4:,;) 


Qi Qi,j 





On account of (34) and (86) we see that the elimination of Z* from 
(33) leads to the following system of equations: 


Q;,1b1,5 + bia @;,1b1,3 + Oj. 
SS ae eee 











37 ainda + bia _ 
(37) Q;101,; — 1 @;101,3 — 1 
a (big — ba) — 0 
(38) dirbi,i + bin bes Me a 
1 — 4j,101,; 1 
—_— (@;,101,; —_ ai,;) 
Qi; 
ai, ay, 
(64.5 — Bis) — Bea = (b;,5 — bis) — bj 
i Qj,4 
39 oC ee 
(39) ; 








(@;,101,; = ai,;) (4;,101,: ae a;,:) 


4,7 2.4 
where <j, 1=2, 3,---,k, andj=2,3,---,k. 

The equations (37), (38), and (39) are necessary and sufficient for the 
existence of an income E}# in each time period ¢; ((=1,--- , k) such 
that the linear space S*, determined by the points f:,---, 9 of the 
Engel curves C\, - - - , C;, corresponding to the incomes E¥,--- , Ei, 
is an isovalue space relative to the price systems jy, - - - , Dr. 

In Section I we have chosen two points qo:-2 and qz:-1 on each Engel 
curve C; (¢=1,---, k). In order to get the integrability conditions in 
terms of the Engel curves, we shall put g2:-2=4:, where 9; denotes the 
point of C; corresponding to the income EZ. The point qo;-1~q2i-2 can 
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be chosen arbitrarily. Denote the income corresponding to qo:-1 by Ei. 
Since the linear space S* determined by the points ji1,---, g, is an 
isovalue space, we get for every even integer j=2r<2k: 


Pig = Dy PilQs — Go) = Dy DilGer — Go) = Dy PilGrir — Gr) = 0, 
(j even); 


(40) 


where p; denotes the price system corresponding to the Engel curve on 
which q; lies. If 7=2r+1, then we have 


(ay P= DX Pi(dersa — Go) = DS vil (Goer — der) + (gr — q)] 
or 2 Ba(Qor41 — er) = Or41,0(Er4 — E,+1) 
where s=3(i+1) if 7is odd, and s=3(i+2) if 7 is even. 

The equations (37), (38), and (39) represent only a part of the inte- 
grability conditions. In order to get all integrability conditions, we con- 
sider the equations (7). Since w; and p;,; are equal to zero for all even 
values of j (zero is also considered as an even value), the equations (7) 
become 0=0, if at least one of the integers 7, j is even. Hence we have 
to consider only the case where both integers 7 and j are odd. Denote 7 
by 2r—1 and 7 by 2s—1; then the equations (7) become: 


(ry =1,---,h), 
(s=1,---,k), 
where w,(E,) denotes the marginal utility of money in the period p at 
the income E, (u=1,---, k). If we substitute in the above equation 
for p;,;its expression given by (41), then we get 

(42) Qs,,(E,s — E*)w,(E,) = dy,e(Ey — E*)w,(E,). 

For r=1 we get 


s1(Es rx E*)w,(E1) a Q1,6(Ex ‘kab E¥)w,(E£,). 


Since in one point of the quantity space we can arbitrarily choose the 
marginal utility of money, we put w:(Z:)=1. Then we get from the 
above equation 


w,(E;) P2r-1,22-1 = Ws (E,) P2s—1,2r—1) 











—_ s,1 E, ve EF 
43 w(E.) = — =—— Sars ten ie). 
( ) ( ) dh. ee ( ’ ’ ) 
From (42) we get, on account of (43), 
—_ Qr,1 E, il E} = Qs,1 E, as E+ 
Osr(Es eae E*) a . aan @,o(E- an E*) “a. 
&,, £: — E¥* Q1,8 i, — E¥* 
Hence 
Qs ,rQ,, Ar ss, 
(44) Sah Eas 








A,r Q1,8 


— 
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On account of (44), the denominators in (39) are equal to each other. 
Hence (39) can be written as follows: 

Qi Qj, 

(61,5 — O15) — bia = a 


ij Qj,i 


(45) 








(b;, —— bi,:) % bj1- 


The equations (37), (88), (44), and (45) represent the whole system of 
integrability conditions. 


We can summarize our results in the following 


THEOREM III: The necessary and sufficient conditions of integrability— 
when the indicator is a polynomial of the second degree—are given by the 
following four systems of equations: 


Q;,74j,1 0;,i03,1 











(46) ———- = ) 
a,j Qi 
(47) i,1b1,: + bin ee @;,101,; + bj, , 
Q3101,; — 1 Q;1%,; — 1 
ai 5 8 
Qi,1b1,; + b:, Qi,j = = a 
(48) Bi sce en ge EE 
1 — a;,141,; 
—S (4;,141,; = Gi,;) 
47 
Qin Q;,1 
(49) (b:,5 — 01,3) — Bsa = — (03,5 — b1,s) — bya, 
Qi; Q;,i 


for all integers i andj for which 2Si<j and jSk. The quantities a;,; and 
b;,; are defined by (27). 


Since only two variable indices appear in the conditions of integra- 
bility, namely 7 and 7, we can deduce the following important 


TuHEoreEM IV. If a system of Engel curves Ci, - - - , Cx—under a sec- 
ond-degree polynomial indicator—are given and each set of three Engel 
curves satisfies the integrability conditions, then the system of the Engel 
curves Ci, --- , C,. as a whole, satisfies also the integrability conditions. 


From well-known propositions of analytical geometry the following 
theorems can be easily deduced: 


TueorEM V. Each point of the isovalue space S* is center of the in- 
difference surfaces. 


TueroreM VI. If r is the smallest integer such that the indicator I(q) 
can be transformed into a sum of r squares, that is to say, if the rank of the 
quadratic form I(q) is equal to r, then the dimension of S* is equal ton—r, 
where n denotes the dimension of the quantity space. 
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THEOREM VII. If the rank of the quadratic form I(q) is equal to n, then 
all Engel curves have a common point of intersection and S* will be re- 
duced to this single point. 


Since the equations (37), (38), and (39) are certainly fulfilled, if all 
Engel curves have a common point of intersection, we get the 


TueroreEM VIII. Jf all Engel curves have a common point of intersection, 
then this point will be the center of the indifference surfaces and the in- 
tegrability conditions will be reduced to the single system of equations: 

Q;,j4j,1 Q;,i0i,1 


= ’ (257<9). 
1,7 a1,i 








Now let us represent the indicator in terms of the Engel curves. 
For this purpose we choose two points ge:-2 and ge:-1 on each Engel 
curve C; ((=1,---, k) such that the income corresponding to qoi-2 
is equal to H* and the income corresponding to go:-1 is equal to 
E;=E*+1. The marginal utility of money in the period 1 at the 
income E*-+1 we shall put equal to 1. The system of vectors, » 
=Qogi,** *  Ve1=Qoder-1, we call the distinguished system of vectors 
and the vector co-ordinates of a point q relative to this system we call 
the distinguished vector co-ordinates of q. 

Denote the distinguished vector co-ordinates of a point q by 








Mi, «+ + , Aex—1 and the indicator expressed as a function of Au, - - - , Aek—-1 
by f(A1, > + +, Avi). Then we have according to (6) 
a°f @=1,--:-,2k—1), 
= W;pj,i — Wopo, i 
OdOA; me — (j=1---,2k-1), 
where w, denotes the marginal utility of money at the point q, 
(u=0,1,---,2k—1). Since w;=0 if 7 is even, and p;,; is equal to zero 
if 7is even, we get from the above equation 
02 
(49’) J = 0, if one of the integers 7 and 7 is even, 
AA OA; 
and 
et a 
(50) a ae a We( Es) prs—1,2r—1) 


Od2r—-10 A251 


where w,(E,) denotes the marginal utility of money in the period s at 
the income E,=E*+1, that is to say, at the point qa. 
From (50) we get, on account of (41) and (48), 
a Qs,1 E, = ae Qe ,14r,2 


(51) SS ee ee Or,e( Lr — E*) = 
Od2r—-10 26-1 ,, BL, — E* Ai,s 
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Since the marginal utility of money is equal to zero at the point qo, 
we have 
af(0, 0, racer , 0) 


52 ea ani pares 
(52) a (@ ) 


On account of (49’), (51), and (52) we get the following 


THEOREM IX. The indicator I(q) expressed as a function of the dis- 
tinguished co-ordinates Mi, - - - , \ex-1 of the point q is given by the follow- 
ing formula 


k 


(53) I(q) =f(u,---, den) =$ DD 


s=1 r=1 Q1,8 


14,8 





Ner—1A2s—1- 


If we want to have the indicator expressed as a function of the 
Cartesian co-ordinates gq}, q?, - - - , g" of the point q, then we calculate 
M1, ° + + y Aek-1 aS functions of q!, q?, - - - , g* by means of the equations 
(12) and we substitute in (53) for Ay, - - - , Aex-1 the corresponding ex- 
pressions. 


Ill, THE SET OF GOODS TO BE CONSIDERED 


The number of the different consumers’ goods is very large and the 
calculation of the indicator in the space of all consumers’ goods would 
involve a great amount of computation work. Hence the important 
question arises whether we can restrict ourselves to the calculation of 
the indicator in the space of a certain subset of consumers’ goods. This 
can actually be done under certain conditions, which we shall formulate 
in this section. 

Let us divide the set K of all consumers goods nos. 1, 2, - - - , n into 
three subsets Ki, Ke, K3; Ki consisting of the goods nos. i, --- , 2,, 
Kz of the goods nos. ji, --- , j, and K; of the goods nos. ki, - -- , ke, 
where the integers 7, - - + , a, ji, °° * » je) ki, > + + , kK are different from 
each other and r+s-+i=n. The subset K; may also be empty, whereas 
K, and K; are supposed not to be empty. We say that K, is semi-inde- 
pendent of Ky if the following condition is fulfilled: 

If 


(g4, rey g*, Gi, +--+, Gs g, miey es g*t) and 
(q4, erat q*, gi,- ++, Qi, ga,---, g*t) 
are two indifferent combination of goods, then also the combinations 
(gi, - ++, gt, qa, -- +, ge, G4, ---, G*) and 
(q’, - ++, qi, gi, -- +, gis, Gay- +--+, Gg) 
are indifferent, where q4, - - - , g denote arbitrary quantities of the 
goods nos. ji, ++ * 5 Je 
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It can easily be shown that if the indicator is a polynomial of the 
second degree in q the above definition of semi-independence is equiva- 
lent to the following one: 

The set k; is semi-independent of the set if the marginal utility 
ratios between the goods of the set ki, that is to say, if the ratios, 

ol /al ol /ol 


Sy So 


agit/ agi “? agie/ agi 








are independent of the quantities of the goods in ke. 

It should be mentioned that the relation of semi-independence is not 
a symmetrical one. That is to say, if k; is semi-independent of ha, 
k, need not be semi-independent of k,. Let us illustrate it by an ex- 
ample. We consider 4 consumers’ goods, nos. 1, 2, 3, 4. The indicator 
I(q) is given by the expression 


T(q) = g'q°q? — (q°)? + gi. 


k; consists of the goods nos. 1 and 2, ke of the goods nos. 3 and 4, and 
k; is empty. Since the ratio 






does not depend on the goods nos. 3 and 4, k; is semi-independent of ke. 
But the ratio 





ol ol q3 


ag'/ age = g*q? — 2q° +g 
does depend on goods nos. 1 and 2, hence kz is not semi-independent 
of ki. 

The subset k; is said to be independent* of the subset ke if there exists 
an indicator which is the sum of two functions f, and fe such that fi 
does not depend on the quantities of the goods in ke and fe does not 
depend on the quantities of the goods in ki. 

It should be mentioned that the above definition of semi-independ- 
ence is much weaker than this definition of independence. This is the 
reason why we call it semi-independence. 

If k, is independent of ke, then k; is also semi-independent of ke, but 
not inversely. If k; is semi-independent of k2, k; need not be independ- 
ent of ke. This follows also from the fact that independence is obviously 
a symmetrical relation, whereas semi-independence is not symmetrical. 

It is obvious that if k, is semi-independent of the set of all other con- 
sumers’ goods, then we can speak about indifference surfaces in the 


6 See Ragnar Frisch, Econometrica, Vol. 4, January, 1936, p. 35. 
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space of the goods of k, without referring to the goods in ke. Hence we 
can say: 


If a subset ki of consumers’ goods is semi-independent of the set of alj 
other consumers’ goods, then we can restrict ourselves to the consideration o 
k, and all results of the previous section can be well applied to the subset ky, 


This fact enables us to apply the theory to small sets of consumers’ 
goods. It seems very plausible that the set of all foods is not only 
semi-independent, but also independent of all other consumers’ goods. 
Within the set of foods it will scarcely be possible to form a subset 
which is independent of all other foods, whereas subsets of foods which 
are semi-independent of all other foods very probably can be formed. 
For instance, the set of all sorts of bread will be perhaps semi-independ- 
ent of all other foods. 


IV. SOME APPLICATIONS AND REMARKS 


1. Calculation of the demand functions. One of the most important 
problems which can be solved if we know the shape of the indifference 
surfaces is the determination of the demand functions for consumers’ 
goods, that is to say, the determination of the Engel curve in any given 
price system. 

As we have pointed out in Section I, the indicator is determined only 
in the linear space S determined by the Engel curves considered. There- 
fore we shall be able to determine the Engel curve corresponding to a 
given price system only in case the Engel curve lies in S. 

Let us consider & time periods, h,---, t&, and the corresponding 
Engel curves C,, -- - , Cy. At first we have to formulate the necessary 
and sufficient conditions which must be satisfied by a price system 
p=p',---, p” in order that the Engel curve C corresponding to p 
should lie in the linear space S determined by Ci, - - - , Cx. 

We shall call the system of the n marginal utilities dJ/dq', - - -, dI/dq" 
the marginal utility. To each point q of the quantity space belongs a 
certain marginal-utility vector, which we shall denote by w(q). Since 
the marginal-utility vector w(q) is a linear function of g, when the in- 
dicator is a polynomial of the second degree in q, it is obvious that, 
for each point q of the linear space determined by C4, - - - , Cx, w(q) can 
be represented as a vector sum: 


2k—1 


w(q) = Za v,w(qr), 


r=0 


where q2;-2 and q2;-; denote two different points of the Engel curve C; 
(t=1,---,k) and vo, +--+, vox are certain numbers. 
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Since the marginal-utility vector in each point of the Engel curve C; 
is proportional to the price vector p; of the period ¢;, the vector sum 
>. »- (dr) is equal to the vector sum > -f_,kip;:, where ki, - - - , ky denote 
some numbers. Hence for each point q of S the vector w(q) is a linear 
combination of the price vectors p1,---, px. From this fact follows 
easily: In order that the Engel curve C corresponding to the price vec- 
tor p should lie in S, it is necessary and sufficient that the price vector p 
should be a linear combination of the price vectors pi, - - - , px. Hence 
we shall consider only the case 


(54) 





P= mpit-::+ + wRDE, 


where ju, - -* , Me are certain numbers. If k is equal to the dimension 
of the quantity space and the vectors p,, - - - , px are linearly independ- 
ent, then any price vector p can be represented in the form of (54), 
that is to say, in this case we are able to calculate the Engel curve corre- 
sponding to any price vector p. 

If the isovalue space S* (that is, the space where the marginal-utility 
of money is equal to zero, see p. 163) is not 0-dimensional, then the 
Engel curve is not uniquely determined by the price vector, but only 
the projection of the Engel curve on a linear space S’ perpendicular 
to S* is uniquely determined. The set of all Engel curves corresponding 
to a certain price vector p, can be obtained as follows: Denote by C 
one of the possible Engel curves corresponding to p, and denote by q 
a point of C not lying in S*. We put through q a linear space S parallel 
to S* and of the same dimension. The set of all possible Engel curves is 
identical with the set of all straight lines joining 5 with S*. We can re- 
strict ourselves to the determination of one of the possible Engel curves. 
A point q, for which 
(55) w(q) = mpi + +++ + wepe, 
is certainly a point of an Engel curve corresponding to the price vector 
p=mpit -+- +uxper. Hence we will determine the point qg for which 
(55) holds true. 

Denote by H* the income in the period ¢; for which the marginal 
utility of money is equal to zero. The value of E# is given by the equa- 
tions (35) and (36). 

We put the marginal utility of money in the period 1 at the income 
E, = E*+1 equal to 1. Then we have, according to (48), 


(6) mB) = M4 BD, 
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where E, denotes the marginal utility of money in the period s at the 
income E£,. Let 


= 1,8 
Ey = 





Me + E¥, 


Qs,1 


and denote by q, the point of C, corresponding to the income £,. Then 
we get on account of (56), that the marginal utility of money at the 
point q, is equal to u.. Hence 


(57) w(qs) = MsPs- 


Denote by @, the point of C, corresponding to the income E¥* and 
the vector with the initial point g, and terminal point q, by », 
(s=1,---, k). Let us translate the vectors 1, ---, v, to a common 
initial point go in S* without changing their directions, and let us de- 
note the translated vectors by i, - - - , d:. The terminal point g of the 
vectors’ sum }=0,+ -- - +0; will obviously have the co-ordinates: 


1 


k 
1 1 Q1,8 
qg qo + 2 Qs Mes, 


s=1 Qs,1 
2 2 + x 2 A1,s 

q = Gs —— Ms 

(58) s=1 Qs,1 : 
n n : n Q1,8 

dq =a+ Yi a—n, 
a=] Qs,1 

where ai, - - - , a} denote the slopes of the Engel curve C,. 


It can be easily shown, on account of (57) and of the fact that 
w(q) =0 for each point q of S*, that 


w(q) = & MsPs- 


s=1 


Hence @ is a point of an Engel curve corresponding to the price vector 
p=) *_iHeps. A straight line which joins g with a point of S* is an Engel 
curve, for instance the straight line C going through g and qo. If we 
denote the income corresponding to go by E¢*, then the Engel curve C 
is given by the equations: 
Be. POs 
a Os 
s=1 Qs,1 


k 





Ms 
1 
+ Qo, 





e=1 


q” =(E — Ee) 


where k=p') far at(d1,2/Os,)Met + ++ +p" t-1a(a1,./ds,1)u, and E de- 
notes the income corresponding to g=(q'!, -- - , g"). Hence the slopes 
of the Engel curve C are given by the expressions: 
ea Ms 
bs Qs Ms 
a= Qe,1 


k 


a= 


ke n Qi,s 
fa, Ms 
e=1 As,1 


k 


Since each straight line parallel to C which goes through a point of S* 
is also an Engel curve corresponding to the price vector p, we can sum- 
marize our results in the following: 


10° oe 
Cs 


THEOREM X. Let us consider k time periods, ti, - - - , tz, and the corre- 
sponding Engel curves Cy, +--+, Cy. Let the indicator be a polynomial of 
the second degree, and let the Engel curve C; be given by the equations 


1 1 1 2 2 2 n n n 
q = aH; + Bi, q = aH; + Bi, <a q = a.E; + Bi. 
Denote the price vector in the period t; by pi=(pt,--+, pt). If 


p=(p',- ++, p”) tsa price vector equal to the vector sum pypit - +: * +uKDe, 
then the straight line with the slopes, 


1 A1,s : Q1,8 


k 
n 
Qs Ms 2, Os Me 
s=] Qs,1 s=1 Qs ,1 


(59) fa iggrey ae sa eS re 
and going through a point of S* (S* is the space where the marginal utility 
of money is equal to zero) is an Engel curve corresponding to the price vec- 
tor p. The quantities a, - - -, a? denote the slopes of the Engel curves C,, 

= rr 1 1 a, n a, 
ai; = 2) aip,and k = p Dia —"m +--+ +p Da * a. 


8 
r=] 8,1 Qs,1 
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If the Engel curves Ci, - - - , Cy have a common intersection point qo, 
then S* reduces to qo and the Engel curve is uniquely determined. Then we 
can say: The straight line with the slopes given by (59) and going through 
Qo ts the Engel curve corresponding to the price vector p. 


2. The calculation of the index of cost of living. The determination of 
the indifference surfaces enables us to calculate the index of cost of 
living. The problem of the index is as follows: we must calculate for 
each given income £, in the first period the equivalent income E in the 
second period. At first we determine the point q: of the Engel curve C; 
corresponding to the income £. Since the indicator I(q) can be cal- 
culated in the linear space determined by the Engel curves C; and C2, 
we can determine the point gq of the Engel curve C2 for which I(q) 
=I(q). The value E2 of gq: calculated with the prices of the second 
period gives us the equivalent income to EF; and the index is given by 
E.,/E,. If we make these calculations we get the same formula for the 
index, already demonstrated in another way.” 

3. The case when the integrability conditions are not fulfilled. If the in- 
tegrability conditions are not fulfilled, at least one of our assumptions 
must be given up. There arises the question, which of our assumptions 
is to be rejected. Especially one may ask, whether the assumption that 
the indicator can be approximated by a polynomial of the second de- 
gree is to be rejected, or rather the assumption that there exists a sys- 
tem of indifference surfaces which remained unchanged during the 
period of observations? If we consider only a region T' of the quantity 
space, where the Engel curves can be well approximated by straight 
lines, and if the diameter of T is not much greater than the greatest 
length of the parts of the Engel curves contained in 7, then we have all 
reason to assume that the indicator I(q), provided that one exists, can 
be approximated by a polynomial of the second degree. Hence in such 
cases we are justified in saying that the hypothesis of the existence of a 
system of indifference surfaces which remained unchanged during the 
period of observations is to be rejected. Hence this method enables us 
to examine whether the indifference surfaces of a certain group of in- 
dividuals remained unchanged during the period of observations, or 
whether different groups of individuals observed in the same time 
period have an identical system of indifference surfaces. 


Columbia University 
New York City 


7 See the writer’s paper on index numbers in Zeitschrift fiir Nationalékonomie, 
Wien, 1937. 








REPORT OF THE PHILADELPHIA MEETING, 
DECEMBER, 27-29, 1939 


THE AMERICAN WINTER MEETING of the Econometric Society was held 
at Philadelphia, Pennsylvania, December 27-29, 1939, in connection 
with the meetings of the other social-science societies. The sessions 
were held in the Ritz-Carlton, the Walton, and the Bellevue-Stratford 
Hotels, the last of which was the headquarters of the Society. There 
was excellent attendance in spite of the competition of numerous other 
sessions held at the same time. 

The opening session, on Wednesday morning, December 27, was 
devoted to National Income and Employment. The chairman was 
Professor Elmer C. Bratt of Lehigh University, and the following 
papers were presented: 

Louis H. Bran, Agricultural Adjustment Administration, National 
Income, Production, and Unemployment: Uses and Prospects.—Mr. 
Bean dealt with the quantitative relationship between industrial pro- 
duction, employment, expenditures for new durable goods, and the 
national income. One projection of industrial production for 1940 
points to a level of activity for that year of 8 to 12 per cent above the 
average for 1939. This would mean a smaller letdown from the present 
peak volume than a number of analysts expect. It would mean a total 
of nonagricultural employment of 36 to 36.5 millions compared with 
35 at present. It would also mean an increase in exper-ditures for new 
durable goods by producers and consumers from 16 billions in 1938 
to perhaps 21 billions in 1940. This would be an increase for 1940 over 
1939 about as large as the increase of 1939 over that of 1938. Further- 
more, for every billion dollars of expenditures for new durable goods 
the national income tends to increase by about two and a quarter bil- 
lion dollars. On this basis the national income for 1940 might be close 
to 74 billion dollars compared with something less than 70 billions in 
1939, 66 billions in 1938, and over 80 billions in 1929. Among new 
economic data involved in these analyses two new monthly series were 
presented, one on total nonagricultural employment, another on non- 
agricultural income from 1919 to 1929 in continuation of the similar 
series now published currently by the Bureau of Labor Statistics and 
the Department of Commerce. 

Davip WEINTRAUB and Harry Magporr, W.P.A. National Re- 
search Project, The Service Industries in Relation to Employment 
Trends.—\W.essrs. Weintraub and Magdoff pointed out that in 1930 
over 40 per cent of those gainfully employed were attached to service 
industries, and that this proportion had been growing steadily for a 
long time and rapidly during the nineteen-twenties. Of those employed 
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in service industries in 1930, about 52 per cent were attached to indus- 
tries concerned with the production, distribution, or financing of 
commodities; and thus the trend of employment in this field depends 
upon the trend of commodity production. Over one-eighth were 
attached to the public services; although these services are ultimately 
dependent on the incomes derived from the production of other goods 
and services, the need for public services and the pressure to borrow 
or tax may at times change in reverse order to the functioning of pri- 
vate business. About one-third were engaged in domestic and personal 
services, which depend primarily on the employers’ income from other 
activities and on the degree to which various household functions can 
be supplied less expensively on a commercial basis. Historically, the 
growth of employment in services has depended on the increasing 
ability of the population to produce the necessaries of life with a de- 
creasing proportion of the working population, thus releasing an 
increasing proportion for production of other commodities and services 
which permit a rising standard of living. This type of social progress 
has limits set by technological factors and also by economic relation- 
ships. The continued flow of the increased purchasing power required 
to support a growing volume of goods and services depends on in- 
creasing investments and the periodic revitalization of investments in 
the production of producers’ durable goods.: Whenever such invest- 
ments slow down, the production of goods slows down and with them 
the related services. It therefore seems futile to look for continuous 
expansion of employment in the service industries without first posit- 
ing a continuous expansion of investments in capital goods and an ex- 
pansion of the production of those goods and services in which these 
capital goods are to be used. 

The afternoon session on Wednesday was held jointly with the 
American Statistical Association and the Advisory Committee on 
Research in Finance. The subject was the Role of Consumer Financing 
in Economic Organization. The chair was taken by Dr. W. F. Kurtz 
of the Russell Sage Foundation and the papers were as follows: 

RouFr NuGEnt, Russell Sage Foundation, Pattern of Consumer Instal- 
ment Debt.—Dr. Nugent presented estimates of open-book and instal- 
ment credit outstandings, subject to various qualifications, which can- 
not be condensed into a brief abstract. 

Davip Duranp, National Bureau of Economic ‘Research, Risk 
Elements in Consumer Instalment Financing.—Dr. Durand discussed 
in general the feasibility of applying statistical methods to the prob- 
lems of credit analysis and in particular the use of statistical sampling 
techniques. Probably the most efficient method is to obtain two sepa- 
rate samples of approximately equal size, one representing the “good,” 
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or more satisfactory transactions, the other representing the “bad,” 
or less satisfactory transactions. Although this approach is subject to 
definite limitations, it nevertheless gives results. Its application by the 
National Bureau of Economic Research to samples obtained from a 
variety of consumer-financing agencies indicates that some borrower 
characteristics are definitely and rather universally related to credit 
experience. Stability of employment, for example, indicated better 
than average risk in 12 commercial-bank samples, 3 industrial-bank 
samples, and 4 automobile-finance samples—which comprised all the 
information available. An attempt was made—using one of the most 
recently developed techniques—to combine stability of employment 
and other significant factors into a combined index of risk. The at- 
tempt was successful—at least in the sense that the index was a better 
credit indicator than any of the component parts. Although several of 
the factors investigated are undoubtedly related to risk, it is very 
doubtful that any of them singly, or a combination of them, is suffi- 
ciently closely related to provide a reliable means of prediction. A 
rough index of efficiency suggested that even the best of credit indica- 
tors is a long way from perfect. We may infer from this either that 
credit managers are doing so well as to leave no room for improvement; 
or that the statistical techniques so far employed by the Bureau are 
inadequate for the problem; or that the problems of credit manage- 
ment cannot be reduced to an exact science. 

GOTTFRIED HABERLER, Harvard University, Consumer Financing 
and Economic Fluctuations. 

On Thursday morning, December -28, the topic of Monetary Proc- 
esses in a War Economy was discussed, under the chairmanship of 
Professor James W. Angell of Columbia University. The papers were: 

JosepH A. Scuumpeter, Harvard University, Monetary Processes 
during War Booms and Postwar Slumps.—Professor Schumpeter said 
that a war boom occurs if the impact of war expenditure more than 
compensates for the effects of the disturbances and restrictions incident 
to war, a postwar slump if the effects of expected reductions in public 
expenditure are not more than compensated by the expenditure inci- 
dent to the normalizing processes. It follows that war booms and 
postwar slumps cannot be expected with certainty and that there 
might be war slumps and postwar booms instead. While war booms 
and postwar slumps bear, especially as to their monetary aspects, a 
strong similarity to ordinary business booms and slumps, particularly 
to those of the Juglar cycle, this similarity is only on the surface, 
whereas the difference is fundamental. The investment activity of the 
ordinary business boom produces the results which then account for 
the phenomena of recession and depression. The war boom being funda- 
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mentally nothing but an excess in consumption and leaving the indus- 
trial apparatus in an antiquated and drowsy state, produces only 
impoverishment and a sickly growth of war industries. A subsequent 
slump is, therefore, not analogous to an ordinary business recession 
except in the general feature that it is also a phenomenon of adapta- 
tion after disturbance. The inference is that there is a much stronger 
argument for suppressing war booms than there is for suppressing 
ordinary booms (for instance, in the way suggested by Mr. Keynes, 
the principal thing is to keep the wage bill down and to tax heavily not 
undistributed but precisely distributed profits) and that the way to 
manage war slumps is to reduce taxation on enterprise, to give a lead 
in those directions in which expansion after a prolonged war can most 
confidently be expected (housing and so on) and to leave monetary 
processes and foreign exchanges for the time being to themselves. 
Horst MENDERSHAUSEN, Colorado College, Changing Methods of 
Diverting the National Product to War Purposes.—Dr. Mendershausen 
pointed out that a country’s economy is operated in times of peace on 
the basis of two sets of guiding principles. Consumers, with unequal 
incomes, try to derive maximum satisfaction from the disposition of 
their incomes. Entrepreneurs and capitalists try to realize maximum 
profits, to maintain and to increase the value of their individual 
capitals. If the country becomes involved in a modern major war, these 
guiding principles are likely to conflict with the new social aim of win- 
ning the war. Left to itself, the economy will effectuate the necessary 
diversion of a large part of the national product to war purposes by 
processes which are likely to be slow and chaotic and which imply a 
high degree of inequality in the distribution of scarce but essential 
foods. In order to make citizens share the burden of war according to 
the maximum sacrifice each can make, and in order to ensure a rational 
distribution of the burden over the expenditures or consumption on the 
one hand, and over capital maintenance and increase on the other 
hand, government intervention is unavoidable. Two types of policy 
may be distinguished, the therapeutic and the prophylactic. Some 
kind of therapeutic policy has been followed by all countries during 
the first World War. Relying on the economy’s ability to adapt itself 
to war conditions, the governments permitted a considerable rise of 
the level of prices and of certain incomes, supporting these movements 
by inflationary measures. The way scarce essentials were distributed 
endangered public health and morale. Corrective measures were late, 
incomplete and badly co-ordinated. Prophylactic policies are at- 
tempted by several countries in the present war. Early and compre- 
hensive fixing of maximum prices is one of their characteristics. One 
economic problem consists in distinguishing between such price in- 
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creases as are necessary to cover increasing costs in terms of effort and 
others that are due to profiteering. An organized reduction of deprecia- 
tion allowances may help to reduce the rise of certain prices. Prin- 
ciples of price fixing such as the ‘‘bulkline’’ principle have to be de- 
veloped. Early reinforcement of a strongly progressive income taxation 
together with excise taxes on unnecessary commodities are further 
features of a prophylactic policy. To prevent the subsisting inequality 
of incomes from affecting the supply of scarce essentials to the poorer 
classes, rationing seems the best means. A prophylactic policy makes 
possible a more transparent and rational distribution of war burdens. 
Its advantages are the more obvious the more expensive the war in 
proportion to the national income and wealth. 

The ensuing discussion was opened by Dr. Paut M. Swenzy of 
Harvard University, who expressed general agreement with Dr. 
Mendershausen’s paper but examined Professor Schumpeter’s propo- 
sitions more critically as follows: He thought that war often induced 
wide technical advances in industry, instead of technical lethargy; 
that the lag of reported price changes behind changes in money stock 
was largely due to wartime price controls; that the effect of priorities 
and the like in rationing goods (instead of depending on price rises to 
accomplish such selections) had been overlooked; that war often im- 
proved the aggregate utilization of resources by eliminating such 
wastes as competitive advertising; that the effect of the wartime de- 
struction of real capital and resources, which often accounts for the 
postwar monetary degeneration, had been ignored; and that the con- 
tention that large wartime profits should be allowed provided the re- 
cipients were not allowed to spend them was dubious, since such profits 
could be expended on goods in competition with the government even 
if they were not actually disbursed to individuals. Professor SeyMouR 
E. Harris of Harvard University also stressed the fact that wartime 
price controls may deprive the index of reported prices, and hence its 
lags of any great significance. Mr. A. P. Lerner of the London School 
of Economics favored high taxes or increased borrowing in wartime, 
to remove from the market as much as possible of the effective demand 
which would otherwise compete with the government. Mr. REDVERS 
Opie of the University of Oxford likewise favored increased taxes; 
and had the same misgivings as the other discussants concerning the 
significance of any general price index, as a guide to policy, in an era of 
price controls. 

On Thursday afternoon a joint session was held with the Institute 
of Mathematical Statistics on Recent Advances in Business-Cycle 
Analysis. Professor Harold T. Davis of Northwestern University was 
in the chair and the following papers were given: 
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Merritt M. Fioop, Princeton University, Recursive Methods in 
Business-Cycle Analysis——Dr. Flood pointed out that the prediction 
of tax-revenue yields for purposes of budget control requires quanti- 
tative knowledge of the business cycle. J. Tinbergen,’ and others, 
have constructed complete mathematical business-cycle theories such 
that some, or all, of the economic series considered satisfy linear dif- 
ference equations. This observation is taken as cause sufficient to 
justify an empirical examination of certain economic time series to 
determine linear stochastical difference equations which they satisfy, 
and the extent to which such equations may be used for forecasting 
purposes. H. Wold? has given a detailed discussion of the mathemati- 
cal aspects of this problem and has illustrated the methods by applica- 
tions to economic series, using the processes of hidden periodicities, 
linear autoregression, and moving averages. The linear difference 
equations obtained by applications of these processes, when used 
recursively, provide forecasts which may be compared with others 
obtained directly by regression analysis, to determine the consistency 
of the system of forecasting equations. These comparisons, when made 
for one particular series studied, indicated, for example, that a fifth- 
order difference equation was superior to one of lower order even 
though both appeared equally efficient when estimating in the same 
period as that used in their derivation. In many other instances sig- 
nificant differences were found between the standard deviations of esti- 
mate in the data period used in the derivation of the difference equa- 
tion and a later testing period. Time periods of varying lengths, 
though only slightly different, often gave equations quite dissimilar 
but some similarity was observed in the cycles obtained. The methods 
used, when extended to the case of several series considered simultane- 
ously, provide a very general framework for empirical analysis. Further 
progress based on such empirical analysis awaits the development of 
simpler computational methods and a more adequate theoretical struc- 
ture to indicate which economic series are related in this mathematical 
fashion. 

GERHARD TINTNER, Iowa State College, An Appreciation of Some 
Recent Mathematical Business-Cycle Theories.—Professor Tintner de- 
scribed briefly three recent mathematical business-cycle theories, pre- 
sented by Frisch, Tinbergen, and Kalecki. All three lead to difference- 
differential equations which may have oscillatory solutions. They are 
all criticized because: (1) ‘‘macrodynamic” economic systems imply 
extensive simplifications, whose economic meaning and justification 

1 J. Tinbergen, Econometrica, Vol. 3, July, 1935, pp. 241-308; Vol. 6, Janu- 
any, 1938, pp. 22-39. 

2H. Wold, A Study in the Analysis of Stationary Time Series, Uppsala, 1938. 
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is not always apparent, (2) the role of expectations and anticipations 
is not made explicit, (3) cycle and trend are probably so closely related 
that they should be studied together. The statistical verification at- 
tempted by Tinbergen is criticized because of the difficulties involved 
in correlating time series. It is doubtful whether the findings are more 
than a very rough description of historical data. Great caution should 
be exercised in using them as a basis for cycle policy. 

In the discussion Mr. ABRAM Bereson (Burk) of Harvard Uni- 
versity said that, while his general reaction to the theories Professor 
Tintner discussed was sympathetic to his, he was gloomy as to the 
alternative approach suggested. The experience of Mr. Hicks, whose 
work Tintner regards as a likely model, is hardly encouraging. Hicks’ 
endeavor to extend the Walrasian analysis to dynamic economics 
results in few empiric propositions of interest, and the assumption of 
perfect competition, which the author states is necessary to the analy- 
sis, hardly inspires confidence. Whether or not the difficulties con- 
fronting Hicks can be avoided, it does seem in any case that Mr. 
Tintner imposes an unnecessary burden. Everyone agrees that it is 
desirable to state assumptions in such a form that their appropriate- 
ness can be judged, and that the assumptions made should have as 
much support as possible. But, in view of the fact that one of the vari- 
ables which economists must economize is time, the selection of a few 
strategic variables for analysis at the present stage of business-cycle 
theory seems clearly warranted. Working now with (say) n consumers’ 
goods rather than one, or n producers’ goods rather than one, it seems 
clear, will not yield additional fruits worth the effort in business-cycle 
analysis. Tintner’s objections to the macrodynamic theories seem valid 
in so far as he refers to the type of assumptions introduced, but not in 
so far as he objects to the fact that they are macrodynamic. 

ARNE FisHer, New York City, The Statistician’s New Clothes, Being 
a Trivial Discourse by a Layman on Certain Fables and Fairy Tales 
Found in the Discussions of the So-called Business Cycles in Recently 
Published College Texts on Statistical Methods.—Mr. Fisher pointed out 
that it is difficult to summarize the extensive material on business 
cycles and that even the definition is uncertain. There are many com- 
plexities. Professor Schumpeter, for example, says: 

The trend we decide on will determine what the fluctuations will be. But irregu- 


larities and cyclical fluctuations will, in turn, determine the trend. It follows that 
no progress towards analysis is possible on these lines.* 


Other writers are less intelligible. The supply of hypotheses and quaint 
technical labels is beginning to run out. Colonel Leonard P. Ayres 


3 J. A. Schumpeter, Business Cycles, New York, 1939, p. 202. 
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claims to have determined the so-called “trend” of American business 
enterprise, almost from the time of the Revolution, by the method of 
least squares. A careful reading of the Colonel’s text fails, however, to 
disclose that this is based on critical knowledge of the philosophical 
and mathematical principles of the method itself. In a discussion of the 
theory of business cycles one should not overlook Professor F. C. Mills’ 
lucid text on Statistical Methods. Briefly, and in a somewhat condensed 
form, his treatment of time series and business cycles may be stated 
as follows: Economic phenomena when arranged chronologically or as 
time series can be represented in mathematical symbolism in the form 


Q.[L(t) + C()] + A = off), where 


Q, is a sort of periodically recurring seasonal factor, 
L(t) is the secular or long-term trend, 
C(t) is the cyclical movement. 


Both L(t) and C(#) are supposed to be some sort of functions of the 
time element, ¢, while the symbol A denotes chance or accidental fluc- 
tuations (i.e., residuals) which are independent of time. The symbol 
o(t) is the observed phenomenon at time ¢. Provided we can express 
the symbols L(t) and C(t) as some plausible mathematical functions of 
t, the least-squares method criterion is that >> {Q,[L()+€(t) ]—o(®) }? 
=) A? must equal a minimum. Now what the academic headmasters 


actually do is: 1. To determine some crude empirical correction factor 
for Q:; 2. To drop quite casually, or sub rosa so to speak, the term 
C(t); and 3. To write Q,L(t) as a+b or some other simple parabolic or 
exponential expression. Thus the secular trend takes on the least- 
squares form of >, [a-+bt—o(t) ]?=)> A? must equal a minimum. To be 
sure, no matter how charmingly improbable such procedure is, it will 
invariably furnish some numerical values of the constants a and 6b, 
which will satisfy the above condition that the sum of the squares of 
the residuals becomes a minimum. But, as pointed out by Thiele, 
whether this sum is the correct one or some other, even an incorrect 
sum, is completely ignored. The next step is to take the percentage 
residuals from this “trend” as constituting the business cycle. Professor 
Mills admits the weakness of this method, saying that in ‘deriving, 
finally, a set of residual figures which are taken to reflect the cyclical 
fluctuations in an economic series we are, of course, abstracting from 
reality.” This is but a polite way of saying that the whole pretty theory 
of the analysis of business cycles is void of sense, an empty abstraction. 
It suggests a brief definition of the so-called business cycle as follows: 
A business cycle is a chronologically arranged sequence of chance 
errors; or, in more explicit form: The error residuals, resulting from an 
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improbable theory, when arranged in chronological order constitute a 
business cycle. 

On Thursday evening Statistical Investigations Pertaining to Cycle 
Theory were discussed, under the chairmanship of Professor Joseph 
A. Schumpeter of Harvard University, in the following papers: 

J. B. D. Drerxsen, Netherlands Statistical Institute, Long Cycles 
in Residential Building: An Explanation.—This paper is printed in 
full in this issue of EcoNoMETRICA. 

Hans STaEH eg, Harvard University, Elasticity of Demand and Social 
Welfare.—Dr. Staehle remarked that the comparative effect of 
changes in the prices of different individual commodities upon welfare 
is usually assessed by means of the consumers’-surplus apparatus. 
This tool wouid lead to the conclusion that the gain in welfare due to 
a price reduction will be the greater, and the loss in welfare due to a 
price increase the smaller, the larger the (price) elasticity of demand 
for the commodity in question. This, however, applies only to single 
individuals and to changes of such scale as will leave the marginal 
utility of money unaltered. When applied to market demand curves 
and to such changes in price as are large enough, and possibly designed, 
to influence people’s welfare (i.e., to modify the marginal utility of 
money to them), the consumers’-surplus conclusion loses its validity. 
An alternative approach is therefore suggested, on the basis of the 
following propositions: (1) Though there exists no necessary general 
relationship between price and income elasticity of demand, it is prob- 
able that their coefficients are of like value whenever income elasticity 
is found to be zero or very small over'a fairly wide range of incomes, 
including very low levels. It can indeed be shown by family-budget 
statistics that the coefficient of income elasticity of demand for any 
given commodity has a tendency to decrease while income increases. 
Consequently, if a very small coefficient is found even on the lowest 
income levels, the commodity probably both satisfies an urgent need 
and has no substitutes. (2) In the case of a highly homogeneous, though 
small, group of families whose income per “unit’’ was very nearly the 
same and of very low level, a positive correlation was found to exist 
between (a) the income elasticity of demand (measured from the 
average consumption among the group) for each of 26 commodities, 
and (b) the coefficient of variation of the quantities of each commodity 
consumed per “unit’’ by the various families. This suggests that income 
elasticity coefficients are the more reliable as indicators of consumers’ 
behavior in the event of an income change, the lower their value. 
(3) For any given frequency distribution of incomes the addition of an 


' 4 The full paper will be published in the Quarterly Journal of Economics. 
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equal absolute money sum to every income diminishes, and the sub- 
traction of an equal absolute money sum increases, the degree of 
inequality of the distribution. If it is agreed, moreover, that any 
economic change is to be considered socially desirable if it decreases, 
and undesirable if it increases, the inequality in the distribution of 
incomes, it follows that price reductions are the more (and price 
increases the less) desirable from a social viewpoint, the lower the 
income elasticity (and thus the price elasticity) of demand for the 
commodities in question on the lowest income levels. The advantage of 
a price reduction for such commodities accrues more evenly to con- 
sumers both on a given and on different income levels and thus is 
equivalent to the addition of a fixed money amount to every income 
which diminishes the inequality of the income distribution. Conversely, 
the burden of a price rise for such a commodity would translate itself 
by an increase in the inequality of the distribution of (real) incomes 
and thus be socially more undesirable than the rise in the price of some 
other commodity. 

The Friday morning session, December 29, was on the Theory of 
Employment, with Professor Alvin H. Hansen of Harvard University 
in the chair. The following papers were presented: 

RicHaRD M. BissE.t, JR., Yale University, Wage and Price Policies 
and the Theory of Employment.—Professor Bissell’s paper was con- 
cerned with the controversial subject of the effect upon the volume of 
employment in the community of changes in wage rates. The method 
employed was that of income analysis, that is, the study of the effects 
upon receipts and disbursements by various groups in the community 
of changes in prices, wage rates, etc., a method somewhat similar to 
that employed by Keynes. The results of wage-rate reductions were 
treated under various assumptions as to the behavior of prices. In 
the discussion of the first two cases treated, it was assumed that dis- 
bursements of business firms in the form of dividend or interest pay- 
ments and withdrawals from businesses to cover interest and profits 
would remain in the short run unaffected by changes in business 
profits. Employing this assumption, it was demonstrated that a general 
reduction in wages, assuming prices to be flexible, would give rise to 
an increase in output and employment because it would constitute an 
increase in the real income disbursed in the form of interest and divi- 
dends. It would also involve, however, a decline in profits or an increase 
in losses and, therefore, dissaving by business firms. If it is assumed 
that prices are entirely inflexible, different results will follow. In this 
case, output and employment will shrink and business saving increase. 
These conclusions differ from those reached by Keynes only because 
of the assumption that interest and dividend disbursements do not 
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vary in the short run. Thus, the results of the wage changes cannot be 
expected to be stable because in the longer run interest and dividend 
payments will reflect the level of earnings. The later sections of the 
paper were devoted to a discussion of the effects of relative wage and 
price changes and to the way in which they can be dealt with in the 
framework of income analysis. 

Artuur SmitHies, University of Michigan, Dynamic Adjustments 
in Imperfect Competition.—Professor Smithies determined the rates of 
production over a period of time by which two (identical) competitors 
in an imperfect market, who are assumed not to be in a position of 
equilibrium at the outset, adapt themselves to a given demand situa- 
tion. It is assumed that each competitor must plan production 1 unit of 
time in advance, and that, in order to plan production at a given 
point of time, he makes an estimate of the price his rival will be charg- 
ing at that point. This estimated price is assumed to be a function of 
the present prices of the two producers. It is then possible to express 
the rate of expected profits at time ¢ as follows: 


m = filz(t), x¢ — 1), y@ — DI, 
aa fly(t), y(t : 1), x(t aT 1)], 


where x and y denote rates of production of the two competitors. 
Total expected profits over a period, which, it is assumed, the competi- 
tors attempt to maximize simultaneously, are then the integrals of 
these functions over the period. The solution of the problem involves 
applying the technique of the calculus of variations to these integrals, 
and it is found that, for the special linear-demand, marginal-cost, and 
expectation functions assumed, the optimum shapes of x and y are the 
solutions of two linear second-order difference equations, specialized 
so as to fit arbitrary initial conditions and to satisfy certain terminal 
conditions relating to the end of the period. x and y are found to be 
roughly cyclical functions of ¢, with a period about twice the planning 
period. If the period of adaptation is allowed to approach infinity, it is 
found that in general the cycles become damped, and a stable equilib- 
rium is eventually achieved. The degree of damping depends inversely 
on the extent to which each competitor expects his rival to meet his 
price. Although the paper is restricted to a special case for the sake 
of achieving qualitative results, the methods used are general. 

Monteomery D. ANDERSON, University of Florida, Dynamics in the 
Theory of Employment.—Professor Anderson developed the following 
formula for total employment in a closed economy: 


MV 
ve 
(u + 1)PX 
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where N is the equivalent number of persons employed “full” time, 
M is the amount of money in circulation (including bank deposits), 
V is the average rate of turnover of money in exchange for reproducible 
goods and labor, P is an index of the price level, X is the average “real”’ 
wage per person per interval of time, and yu is the (weighted) average 
number of times a bundle of labor services changes hands between the 
point at which the services are applied to capital and the point at 
which the capital and labor emerge as ‘“‘finished’”’ goods. The applica- 
tion of this formula to data for the United States yields results very 
similar to those obtained by Tinbergen and De Wolff for consumer- 
goods industries in the same country.’ The long-run value of the 
coefficient » in the formula just given measures the complexity of in- 
dustrial processes; in the short run uw furnishes a rough measure of 
speculation in goods. By making certain plausible hypotheses it was 
shown that the formula for employment can be reduced to a differen- 
tial equation with only two independent variables. The accuracy of 
this reduced equation is attested by a multiple-correlation coefficient 
of r=0.95 with respect to a recent ten-year period. 

On Friday afternoon a joint session was held with the American 
Economic Association on the subject of Cost Functions and Their 
Relation to Imperfect Competition. The chairman was Professor 
Theodore O. Yntema of the University of Chicago and the Cowles 
Commission for Research in Economics, and the papers were as fol- 
lows: 

J. M. Ciarx, Columbia University, Some Speculations on the Re- 
quirements of Workable as Distinct from Ideal Competition.—Professor 
Clark stated that where one of the conditions of perfect competition 
is absent (as is always the case) the presence of others may lead to 
greater rather than less imperfection. Potential competition remains 
an important factor. So far as imperfect competition is governed by 
long-run curves of individual demand and cost, these are flatter than 
commonly represented, and the imperfection of competition corre- 
spondingly less. As to short-run problems, industry with fluctuating 
demand requires prices in excess of short-run marginal cost, though 
still limited by competition. Favorable conditions appear to include 
a sloping individual-demand curve, and some uncertainty whether a 
reduction of price will be quickly met. With standardized products, a 
chaotic market tends toward cutthroat competition. Oligopoly with a 
standard product is limited by its one-way action, by the chance to 
gain good will or large orders through initiating a price reduction, by 


5 See J. Tinbergen and P. De Wolff, ‘“‘A Simplified Model of the Causation of 
Technological Unemployment,”? Econometrica, Vol. 7, July, 1939, pp. 199 ff. 
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the personal equations of producers, and by some intermittent ‘‘chisel- 
ling.” A special case, not wholly impossible, is that of a standard 
product, sloping individual-demand curve, and some uncertainty as 
to the meeting of price reductions. While extreme cases of quality 
differentials approach monopoly, more moderate cases afford the con- 
ditions of fairly healthy and workable imperfect competition. This 
class of cases may be increased in the future by the further develop- 
ment of closer substitutes for existing products, together with better 
knowledge of qualities and specifications on the part of buyers. 

Jort Duan, the University of Chicago and Cowles Commission for 
Research in Economics, Statistical Cost Curves in Various Industries.— 
Professor Dean presented provisional findings of an investigation de- 
signed to determine empirically the patterns of short-run and long-run 
cost behavior of individual enterprises in a variety of industries. Six 
case studies of short-run cost were summarized. To observe the effects 
upon cost of variation in rate of plant utilization, firms and observation 
periods were selected that displayed great variability of output while 
eliminating or minimizing changes in scale, technology, proportion 
and quality of products, and price-motivated input substitution. When 
necessary, an index of cutput was constructed. Heterogeneous prod- 
ucts were combined by weighting each according to its deflated stand- 
ard cost. Recorded components of combined cost were individually 
rectified for changes in prices of materials and services, for errors in 
accounting allocation, and for discrepancies between the time of re- 
cording output and the costs that contributed to it. Multiple-correla- 
tion analysis was used to determine the relationship between these 
corrected cost elements (individually and in combination) and output, 
while holding constant at their means other significant cost influences 
peculiar to each enterprise. The character of the resulting cost func- 
tions was validated by critical-ratio tests, by variance analysis, and 
by independent analysis of cost and output first differences. Typical 
multiple-correlation results, for a leather-belt shop, three department- 
store departments, a hosiery mill, and a furniture factory, were shown 
by a series of slides. Partial regressions of cost on output and on 
other operating factors were displayed, together with total, average, 
and marginal statistical cost curves for combined cost and its com- 
ponents. Theoretical analysis usually posits rising marginal cost over 
the relevant output range, yet no instance of rising marginal cost 
within the range of actual operation was found. It appears likely, 
however, that marginal cost will rise beyond this observed range as 
the limit of physical capacity is reached. Possible explanations are 
multiple-battery plants, plants designed for minimum cost near physi- 
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cal capacity, and technological, conventional, or market restraints on 
cost “forcing” of output. 

RosweE.ut H. Wuirman, R. H. Macy & Company, Cost Functions 
in the Department Store.—Dr. Whitman pointed out that cost behavior 
for department stores is complex. Its study is hampered by problems of 
determining a measure of “output.’”’ The data used for the present 
paper were weekly costs and output. Output was corrected for non- 
homogeneity both by a multiple-regression equation and by creating 
an index with average cost weights. The cost functions presented in- 
cluded: 1. The relation of delivery mileage cost to packages delivered. 
The marginal cost is a decreasing function of output. 2. The relation 
of salesclerk costs to the number of transactions. This may be a de- 
creasing, constant, or increasing function of output, depending on the 
organization of the selling department, the character of its peak busi- 
ness, and so forth. 3. The total-store variable-cost function. This func- 
tion has constant marginal costs within the normal range of output, 
but high marginal costs at the peak. This cost behavior is due to a 
relatively low efficiency as near capacity output is approached. While 
marginal costs are an increasing function of output, because of the 
seasonal fluctuation of business and the relatively small seasonal fluc- 
tuation in price, price is above marginal costs for most of the year. 
Though this indicates imperfect competition, it is not necessarily 
socially undesirable to have eleven months of idle capacity in order to 
serve the public during the Christmas shopping season. 

In the discussion, Professor GEorGE J. STIGLER of the University of 
Minnesota remarked that the statistical cost curves presented by 
Messrs. Dean and Whitman seem somewhat in conflict with our expec- 
tations, based as they are in large part on the classic law of diminishing 
returns. In the cases of constant short-run marginal costs, undoubtedly 
the existence of a divisible plant (many similar machines, for instance) 
is an important explanation, as Dean suggests. In addition, there are 
probably two biases in the statistical procedure which lead to the 
same result in the cases here presented: First, plants which had ex- 
perienced very wide fluctuations of output were selected, and these 
are precisely the plants which would be built with a maximum of 
flexibility (so that the marginal-cost curve would be relatively flat). 
Second, short-run alterations of plant, which usually cannot be elimi- 
nated on the basis of accounting records, lead to a speciously flat mar- 
ginal-cost curve. The falling marginal-cost curves are even more 
suspect; they seem to be due to variations of product quality and to 
misallocation of costs as between fixed and variable. An alternative 
method of deriving cost curves deserves serious consideration: the 
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construction of the production function. This method has its defects, 
not the least of which is that the economist must become a technician. 
But there are important advantages to this alternative: we are released 
from dependence on accounting records, which are frequently unavail- 
able and even more often unusable; and the statistical problems in- 
volved in time series are largely avoided. Professor Stigler raised only 
two questions with respect to Professor Clark’s very stimulating paper. 
First, he questioned the general importance of potential competition 
as a limitation on monopoly prices, arguing that (1) low prices per se 
will not discourage potential rivals, who may expect a quota, and (2) 
if such a quota is refused, and the existing firms will not tolerate new 
rivals, there are cheaper methods of communicating this intention to 
potential rivals than by setting low prices. Second, he could not see 
why flat marginal-cost curves (well below average costs throughout a 
considerable range of output) make pricing according to the competi- 
tive norm, marginal cost equals price, impossible. For there is demon- 
strably always such an amount of investment in an industry that, 
given the fluctuations in demand, the losses and profits will cancel 
over time. Of course investment is frequently such as to make losses 
exceed profits if a competitive pricing policy is followed, but it may be 
argued that this is due to price agreements, and that one cannot justify 
such agreements on grounds of their necessity to prevent losses because 
this is circular reasoning. 

There ensued an active general discussion in which the speakers and 
many others among those present participated. 

The final session, on Accounting’ Procedures, was held Friday eve- 
ning, with the following papers: 

JoHN B. Cannina, Stanford University, Nonadditive Characteristics 
of Certain Accounting Valuations (presented by title in the absence of 
the speaker).—Professor Canning discussed a part of the problem of 
transforming into realization the hypothesis that a manager strives 
to maximize the present worth of the concern’s future income. To 
employ productive agents in a manner consistent with such a result 
requires piecemeal valuations of these facilities. The role of these valu- 
ations in guiding managerial policy fixes their characteristics. These 
include erratic nonadditive properties—in the sense that a sum of 
such valuations (even within the enterprise context) does not have 
a meaning, unit for unit, like that of any of the individual valuations. 
Though by judicious choice of size of the unit asset this erratic effect 
can be held within bounds, it cannot be eliminated. Balance sheets 
that reflect the best empirical practices in production programs and 
in asset appraisal and “going concern” valuation closely approximate 


REPORT OF THE PHILADELPHIA MEETING, DEC. 27-29, 19389 191 


the results implied in theoretical solutions and are subject to the same 
erratic characteristics. In particular a balance sheet showing a cor- 
porate surplus shortly before a bankruptcy which discloses a heavy 
loss—even to creditors—does not necessarily imply defective piece- 
meal valuation of assets. Our national indexes of wealth, income, capi- 
tal formation, etc., are out-of-context summations of such data. To 
employ such indexes without regard for their erratic character is untidy 
science. 

Marx S. Masset,* Temporary National Economic Committee, 
Discrepancies between Accounting Reports to Governmental Agencies.— 
Mr. Massel pointed out that the accounting reports submitted for 
regulatory or statistical purposes by business organizations to the 
respective Federal agencies contain marked differences in their essen- 
tial meaning. For example, a report submitted to the Securities and 
Exchange Commission by a particular corporation is apt to differ from 
its report to the Bureau of Internal Revenue, even though the data 
purport to cover identical operations over an identical period of time. 
A number of forces lie behind such discrepancies. First, if a business 
organization is given freedom of choice as to methods of rendering the 
accounts, self-interest dictates that it vary its approach to the respec- 
tive agencies. Also, suck variations result from differences in the ac- 
counting rules of the agencies, which in turn are governed by an 
agency’s primary purposes: to illustrate, one may be interested in how 
much a certain utility company actually earned during the past year; 
another, for rate-making purposes, in how much it should earn; and a 
third, desirous of protecting the investors, in how much it might earn 
in the future. In some cases, Congress itself determines the rules, but 
with differences between agencies, and may limit the discretion of one 
but not of another. Again, there are discrepancies due to court inter- 
pretations, or arising simply from the individual opinions of staff 
members in the agencies. Finally, it should be observed that such forces 
create conflicting accounting reports to state as compared to Federal 
agencies or as between state agencies. These differences are significant 
because they affect valuations of assets, liabilities, and income. From 
a statistical point of view, summations of the resulting data should 
be based upon careful analyses of the consistencies and inconsistencies 
behind the valuations. Otherwise conclusions may be drawn that are 
at direct variance with the facts. From a regulatory standpoint, the 
problem is important because the accounting regulations of a given 

6 Mr. Massel is a member of the staff of the Temporary National Economic 


Committee. The opinions expressed herein are entirely his own, and in no way 
does this statement present the views of the Committee. 
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agency may be improved by further examination of those in other 
agencies. A co-ordinated approach may also be useful to Congress 
and to the courts. Where possible, differences in the rules might be 
resolved to the mutual advantage of government and business. This, 
it must be noted, does not imply that the rules and valuations should 
necessarily be the same. There is manifest need for a series of studies 
comparing the rules and the resulting accounting statements. These 
should be pointed toward reinforcing and synthesizing the regulations 
and analyzing the possible statistical significance of summary figures. 


Dickson H. LEAVENS 
Cowles Commission for 


Research in Economics 


